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Abstract 

The program of Langlands is studied here on the basis of: 

• new concepts of global class field theory related to the explicit construction of 
global class fields and of reciprocity laws; 

• the representations of the reductive algebraic groups GL(n) constituting the 
n-dimensional representations of the associated global Weil-Deligne groups; 

• a toroidal compactification of the conjugacy classes of these reductive algebraic 
groups whose analytic representations constitute the cuspidal representations 
of these groups GL(n) in the context of harmonic analysis. 

This leads us to build two types of n-dimensional global bilinear correspondences 
of Langlands by taking into account the irreducibility or the reducibility of the rep- 
resentations of the considered bilinear algebraic semigroups. 

The major outcome of this global approach is the generation of general algebraic 
symmetric structures, consisting of double symmetric towers of conjugacy class rep- 
resentatives of algebraic groups, so that the analytic toroidal representations of these 
conjugacy classes are the cuspidal conjugacy class representations of these algebraic 
groups. 
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Introduction 

After the pioneer works of G. Laumon, M. Rapoport, U. Stuhler and others, recent signif- 
icant advances were reahzed these past few years in the Langlands program [Lanl], [Kna] 
by M. Harris, R. Taylor [H-T] and G. Henniart [Hen] with respect to the proof of the 
Langlands correspondences in the case of p-adic number fields and by L. Lafforgue [Laf], 
[Lau] in the case of function fields. 

However, the approach of the Langlands program from a global point of view was relatively 
left sideways until now: it is the aim of this paper to try to fill up partially this gap by 
studying the Langlands correspondences over global number fields. 

The global methods used in this context are based on: 

• new concepts in global class field theory related to the explicit construction of global 
class fields and of reciprocity laws; 

• the representations of the reductive algebraic groups GL(n) constituting the n- 
dimensional representations of the associated global Weil-Deligne groups; 

• a toroidal compactification of the conjugacy classes of these algebraic groups whose 
analytic representations constitute the cuspidal representations of these groups GL(n) 
in the context of harmonic analysis. It will be shown that the global approach of the 
Langlands program consists in studying the algebraic groups and their representa- 
tions to bridge the gap between analytic and algebraic problems as described in the 
diagram: 

Algebraic number theory 

• global class field theory 

• Galois and Weil groups 



n-dimensional 
representations of the 
Weil-Deligne group 

The developments considered here will essentially concern symmetric objects in such a way 
that the envisaged mathematical objects will be cut into two symmetric semiobjects Or 
and localized respectively in (or referring to) the lower and in the upper half space. 

The right semiobject Or is then the dual of the left semiobject Ol and the interest of 
considering an object, decomposed into two dual symmetric semiobjects Or and Ol , is 
that the informations concerning the internal mathematical structure of the object " O " 
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can be obtained from the product Or x Ol of the semiobjects Or and Or ■ Indeed, 
every endomorphism E of " O " can be decomposed into the product Er x El of a right 
endomorphism Er acting on the right semiobject Or by the "opposite" left endomorphism 
El acting on the corresponding left semiobject Ol in such a way that Er ~ E^^ . 

The general existence of symmetric objects can be shown by the following considerations on 
function fields. Let k denote a global number field of characteristic zero. Let k[xi, - • • , x„] 
be a polynomial ring over k and let R — Rr U Rl be a symmetric (closed) extension of k 
as introduced in the following. 

Let k[xi, - ■ ■ ,Xn] be a polynomial ring at n indeterminates over k . 

Let II — {Pf^{xi, ■ ■ ■ , Xn) I Ph{Vl) — 0} be the ideal of k[xn, ■ ■ ■ , Xn] in such a way that: 

a) Pij,{Vl) be the polynomial function in A;[Vl] represented by P^{xi, ■ ■ ■ ,Xn) . 

b) Vl C Rl be an affine semispace restricted to the upper half space. 

Let Ir = {P^{—xi, • • • , —Xn) I P^i{VR) = 0} be the symmetrical ideal of II obtained by 
the involution: 

in such a way that 

a) -P//(Vr) be the polynomial function in A;[Vr] represented by Pfj,{—xi, • • • , —Xn) . 
h) Vr C. Rr be an affine semispace 

• of dimension n . 

• restricted to the lower half space. 

• symmetric of Vl ■ 

• disjoint of Vl or possibly connected to Vl on the symmetric axis, plane, . . . 
The quotient ring obtained modulo the ideal II (resp. Ir) is Ql = k[xi, • • • , x^j 1l (resp. 

Qr = k[Xi, ■ ■ ■ ,Xn]/lR ) [Wat]. 

Ql and Qr are quotient algebras characterized by the corresponding homomorphisms: 

0L : Ql > Rl : (t>R'- Qr > Rr , 

where Rl and Rr are commutative (division) semirings localized respectively in (or refer- 
ring to) the upper and the lower half space. (Commutative (division) semirings are recalled 
(or introduced) in the appendix). 



2 



So, the pair of homomorphisms 0l and (f)R sends the "general" solution to a pair of sym- 
metric solutions respectively in i?^ and Rr . 

On the other hand, let F = U be a symmetric "algebraic" finite extension of k . 
Let Tni^F^) (resp. T^{Fji) ) C GL„(.) be the (semi)group of matrices of dimension n over 
Fl (resp. ) viewed as an operator sending F^ (resp. ) into the affine semispace 
T^^\Fl) (resp. T*^")(Fr) ) of dimension n : 



Tn{.) : 



(resp. T^(.) : Fn . TH(F«) ) 

in such a way that to the indeterminates {xi, ■ ■ ■ ,Xi,--- , ■ • • , xu, • ■ ■ , xgn, ■ ■ ■ ) of 
(resp. {-xi, ■■■ , -Xi, • ■ • , -Xn, ■■■ , -xu, ■■■ , -Xin, ■ ■ ■) of Qr), \/ xen = Xi ■ Xn , corre- 
sponds the homomorphism [Bor2]: 



: Ql 
(resp. 0'^ : Qr 



Fl{xi en, ■ ■ ■ ,Xi ^ eu, ■ ■ ■ ,xu ^ eu, ■■■ ,Xne^ e„^) 
-^^(-2^1 -en, • • • , -Xi -eu, ■■■ , 

Xii en, ■■■ ,Xne^ ent) ) 



where: 



Tn{FL) - {eL = (efa) G T„(Fi) | PT,(efa) = 0} 
(resp. r*(F^) = {en = (e,„) G T*(F^) | PT^(e,„) = 0} ) 

with the polynomials PT^{ein) e k[x] . 

On the other hand, let (resp. Xr ) be a functor from the quotient ring Ql (resp. Qr ) 
to the affine semispace Vl (resp. Vr ) in such a way that the diagram: 



Ql 



Vl 



Flieii, ■ ■ ■ , enn, ■ ■ ■ , ^in) 
Tn{.) 

T(^){Fl) 



Qr — ^ Pr(— en, • • • , —enn, 



resp 



Vr 



'4'R 



T(^)(Fr) 



commutes, leading to: 



) 



XL^1pl^oTnO(f)'^ (resp. Xr ^ l^l^ O T'^ O (^r). 
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Thus, if the elements Vl G Vl (resp. vr G Vr ), resulting from Xl o (p^^i^Fi) (resp. 
Xr o (Pj^^^Fr) ), correspond to solutions in Fl (resp. Fr ) of some family of equations, 
there is a A;-algebra Ql (resp. Qr ) and a natural correspondence between X/^o0^^F^ (resp. 
XRO(f)^^FR ) and Rom^iQL, Fl) (resp. Homfc(QK, Fr) ), taking into account the algebraic 
(semi)group of matrices Tn^Fi) (resp. T^{Fr) ) at the condition that ipL '■ Vl ^ T'^"\Fl) 
(resp. ipR : Vr — > T^'^\Fr) ) be a homeomorphism. 

Such (resp. Xij) is then called representable in the sense that a left (resp. right) affine 
semigroup scheme over k is a representable functor from the fc-algebra Ql (resp. Qr ) to 
the affine semispace Vl (resp. Vr ), homeomorphic to T^''\Fl) (resp. T^''\Fr) ). 

The left and right affine semigroup schemes Xl and Xr are said to be symmetric if every 
element f l G , localized in the upper half space, is symmetric to every element G Vr , 
localized in the lower half space with respect to an element or a set of elements of symmetry. 

Thus, the consideration of a sufficiently big polynomial ring as • • • allows to 
consider objects as being generally symmetric and able to be cut into two symmetric 
semiobjects in one-to-one correspondence. 

In this respect, as the endomorphisms End^(i?) of a division F-algebra B can be han- 
dled throughout its enveloping algebra 3*^ = 3 ®p , where 5°^ denotes the opposite 
algebra of B , because B'^ ~ End^(i?) and as fundamental algebras, such as the algebra 
of automorphic forms, are essentially defined on half spaces, we shall work in a bilinear 
mathematical framework. So, enveloping semialgebras as well as bisemialgebras will be 
considered, which has the following advantages: 

1. As the representation of automorphic forms is intrinsically defined in the upper half 
space, the bialgebra of automorphic biforms, associated to the algebra of automorphic 
forms, will be envisaged in such a way that the coalgebra will refer to dual automor- 
phic forms localized in the lower half space. One of the interests of considering a 
bialgebra of automorphic biforms is that the endomorphism of this bialgebra leads to 
take into account the Hecke bialgebra of tensor products of Hecke bioperators having 
a nice matricial representation [Pie3]. 

2. The representation of a reducible general bilinear (semi)group of order 2n decom- 
poses diagonally following the direct sum of irreducible bilinear representations and 
off diagonally following the direct sum of complementary irreducible bilinear repre- 
sentations (see section 0.3 of the introduction and chapter 4). 
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So, the nonorthogonal reducibility of the representation of a bihnear general Lie 
semigroup generating off diagonal complementary irreducible bilinear representations 
could lead to a new approach of: 

• the endoscopy problem considered in trace formulas; 

• the functoriality envisaged in automorphic representations of general "linear" 
groups [Lan2], [C-K-P-S]. 

3. Some conjectures of algebraic number theory proceed probably from the fact that 
the techniques of algebra endomorphisms could be more worked out, as for example, 
by considering judicious enveloping (semi) algebras [Pie3]. 

In this context, let us point out that the appendix of this paper introduces the used 
semistructures and bisemistructures [Pie5]. 

In a few words, let us say that the Langlands global program developed here is related to 
the generation of a reductive algebraic group with entries in a double tower of extensions 
of k which are characterized by increasing Galois extension degrees. 

The conjugacy class representatives of this reductive algebraic group then appear in sym- 
metric pairs in such a way that a double tower of conjugacy class representatives, charac- 
terized by increasing ranks, is generated symmetrically respectively in the upper and in the 
lower half space and constitutes the n-dimensional representation of a global Weil-Deligne 
group. 

The Langlands global correspondences then consist in finding the toroidal analytic repre- 
sentations of these conjugacy class representatives by means of a suitable toroidal com- 
pactification of these in such a way that the sum of these toroidal analytical representatives 
of conjugacy classes constitutes the searched supercuspidal representation of the reductive 
algebraic group, i.e. the Fourier development of the n-dimensional automorphic form on 
this algebraic group. 

So, the Langlands global program is directly based on the generation of a general algebraic 
symmetric structure being in one-to-one correspondence with its automorphic analytical 
counterpart. 

0.1 Nonabelian global class field concepts 

More concretely, the new concepts introduced in global class field theory are inspired by 
the factorization of a prime p into primes in the ring of integers of a finite exten- 
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sion E of Q and by the Artin's reciprocity law which asserts that a Dirichlet character 
Xa ■■ /N Zy ^ C* exists such that a{Frp) = Xa{p) where a : Gal(^/Q) ^ C* . This 
leads us to introduce pseudo-ramified completions, covered by the symmetric algebraic ex- 
tensions of a global number field k of characteristic zero, at the infinite places such that their 
degrees or ranks are integers modulo where is the order of the global inertia subgroups. 
The subsets of pseudo-ramified completions are thus covered by finite subsets of Galois ex- 
tensions and generate a double symmetric tower of one-dimensional /c-semimodules charac- 
terized by increasing ranks. A character Xuij is associated to each basic completion Fi_j. in 
an infinite or global place ujj and the Dirichlet character Xujj^mj ' corresponding to an equiv- 
alent completion F^. ^ in cuj , can be obtained by the action of the decomposition group 
element D^^^ on Xuii ■ As we are concerned with pairs of symmetric (semi)structures, left 
algebraic extension semifields = {Fujn • ■ • ; -PL „ , • • • , F^r} referring to the upper half 
space and right algebraic extension semifields Fjj = {F^^^, . . . , , • • • ^ F^A referring to 
the lower half space are considered. 

In correspondence with these left and right algebraic extension semifields, we have a left 
and a right tower F^ = {F^,, ■■■ ,F^ ■■■ , F^J and F^ = {F^^,, ■■■ ,F^ ■■■ , F^^J of 
packets of equivalent completions characterized by increasing ranks. 
Prom these, we can consider: 

a) their direct sums 

F^g, = © © F,,_^. and F^^ = © © F^,_^. , 

b) and the products 

A?'=nF^ and A'^^UF^. 

Jp Jp 

of packets of primary completions Fi_^.^ and F^^.^ where and are infinite adele 
semirings. 

This allows to introduce the Galois subgroups of these left and right algebraic extensions 
and the global Weil groups Wp^^ and Wp^^ referring respectively to (the sums of) the 
automorphisms of left and right algebraic extensions explicited subsequently. 
The set of left (resp. right) pseudo-ramified extensions considered until now constitute a 
left (resp. right) affine semigroup E>\ (resp. S)j ). 

All that constitutes elementary concepts of abefian global class field theory. To enter into 
the n-dimensional global Langlands program, nonabelian global class field concepts have to 
be set up [Lan2]. The challenge then consists in building up the n-dimensional equivalent 
of the affine semigroup §i \ (resp. §]j ), and from a bilinear point of view, the n-dimensional 
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equivalent of the bilinear affine semigroup S ]j x S ^ , which needs the introduction of the 
injective morphisms [Gel]: 

<7R><L : Wf^ X Wf^ > GL„(F^^ x F^J = r^(F^J x ^F^J . 

The affine bihnear algebraic semigroup G^'^^'^F^x F^) = r(2n)(^_) ^ results from 

the action of the bihnear algebraic semigroup of matrices GL„(Fjj x F^^) = T^{Fy) x Tn{Fj) 
where T^{Fu) is the group of lower triangular matrices with entries in Fjj while Tn{F^^) is 
the group of upper triangular matrices with entries in . The algebraic bilinear affine 
semigroup G^'^'^\F-ujX F^) over FjjxF^ is a GL„(FijxFj^)-bisemimodule Mr® Ml ■ And, the 
algebraic representation of GL„(F^ x F^) in {Mr ® Ml) refers to an algebraic morphism 
from GLn{Fu x F^^) into GL{Mr (g) Ml) which denotes the group of automorphisms of 
(Mr ® Ml) . 

The reasons for considering bilinear algebraic (semi)groups GL„(FtjX F^) instead of linear 
algebraic groups GL„(F(^_(^) result from the facts that: 

1. a bilinear algebraic semigroup covers the corresponding linear algebraic group (as 
it is proved in chapter 2) in the sense that the representation space of this linear 
algebraic group is a n^-complex dimensional vector space W corresponding to the 
n^-complex dimensional representation space (Mr (g) Ml) of the bilinear algebraic 
(semi)group GL„(Ftj x F^) . So, we have: W ~ Mr Ml ; 

2. a bilinear algebraic semigroup is directly connected to the enveloping algebras allow- 
ing to generate endomorphisms as it was explained above. 

The bilinear semigroup G^^"^(Fjj x F^) over the product, right by left, of pseudo-ramified 
completions F^^ and F^^, is a complete "algebraic" bilinear semigroup or an abstract bisemi- 
variety since the sets of completions F^ and Fj^ are covered by the corresponding sets of 
algebraic extensions F^ and F^^. By concern of abbreviation, this complete "algebraic" 
bilinear semigroup G'''^"-'(Fjj x F^) will sometimes be simply called "algebraic" bilinear 
semigroup, taking into account a universal property between these bilinear semigroups. 
Let Mr^ ® Ml^ denote the representation space of GL„(F^j^ x F^^) in such a way that 
Mr^ <S) Ml^ decomposes into the direct sum of subbisemimodules Mijj. ^ (g) M^^. ^ . being 
the conjugacy class representatives of GL„(Ft^ x F^) . 
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Then, GL{Mf>g^ ® Ml^) constitutes the n-dimensional complex equivalent of the product 
Wf^xWpl of the global Weil groups. As GL{MR^iS)MLg,) is isomorphic to GL„(Fnj3 xF^^) , 
the bilinear algebraic semigroup G'^'^^^\Fzj^ xF^^^ ) becomes the 2n-dimensional (irreducible) 
complex representation (space) (Irr) Rep^'^|^ ^(^f^ ^ WfJ of Wf^ x Wp^ : 

(Irr) Revg-'ljW^'^ x W^D : GL(M«^ ® M^J . G^'^\F^^ x F.J . 

As the bihnear algebraic semigroup G^'^'^^F^ x F^) is built over {F}j x F^^) , it is composed 
of r conjugacy classes, 1 < j < r < oo , having multiplicities m^^^ and associated with the 
r places of F^^ or of F^ . Consequently, (Irr) Rep^Pj {^Fr ^ ^Fl) decomposes into 
r conjugacy classes with multiplicities m^'^^ . 

This decomposition of G^^") {FuX F^) into conjugacy classes can also be obtained by consid- 
ering the cutting of bilattices A^^x A^^ into subbilattices in {Mji<S)Ml) under the action of the 
product Tji{n; r)®Ti,{n; r) of Hecke operators having as representation GL2„((Z f N l^Y) , 

N en . 

This leads to a one-to-one correspondence between the pseudo-ramified extensions F^^^ 
(and F^.^, ), the diagonal (and off-diagonal) conjugacy classes of the bilinear algebraic 
semigroup G^'^'^'>{Fj^x F^) and the subbilattices of Hecke in the GL„(FijX Fjj)-bisemimodule 

Let G*^^"-'(F^ X F+) denote the bilinear algebraic semigroup over the product of the sym- 
metric sets F+ = , ■ ■ ■ , F+^^^^^ ,---,Fl,} ^nd F+ = , ■ • • , , • • • , F+ J of 

real extensions and let G'^'^'^\F^ x F^) denote its compact equivalent. The compactifica- 
tion of x F+) into G^^''\F+ X F^) is realized by means of the Fulton-McPherson 

compactification by a set of successive blowups [F-M] as developed in chapter 3. 

If the conjugacy class representatives g'^R^i[j-,rnj\ of G^'^^\F^ x F+) are glued together, 
the bifunction {fzj{z*) <8) fuj{z)) on G'^'^'^\F^ x F^) has a holomorphic development in the 
multiple power series 

oo 

® f^{z) = S S C* Cj^^. {zl Zi - ^oi)-' • • • « - ^On ^OnY 

at the bipoint [z^ x zq) , Zq E €^ , such that each term of fuj{z*) fui{z) corresponds to a 
conjugacy class representative gR^^\[j, rrij] . And, the holomorphic bifunction fTj{z*)® f^[z) 
constitutes an irreducible holomorphic representation Irr hol(GL„(Ftj x F.)) of GL„(Ftj x 
FjRiG(2«)(F^xF+) . 
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0.2 Langlands irreducible global bilinear correspondences 

Let Fl (resp. Fr ) denote a complex symmetric splitting semifield. 
Then, the pseudo-ramified lattice bisemispace 

Xs,^, = GK{Fn X h) I GL„((Z/iV Z)^) ^ G^'-\F^ x F^) 
was introduced such that its cosets are isomorphic to the conjugacy classes of G^'^"-\Fu x 

Let {F^i} (rcsp. {Fj^ji} ) denote the set of irreducible extensions F^i (rcsp. Fj^i ) having 
a rank N . Then, the smallest pseudo-ramified normal bilinear algebraic subsemigroup 
p(2n)^j7_j X Ft^i) of G^'^^^F^j X F^^) is introduced as being the complex bilinear equivalent 
of the minimal (not standard) parabolic subgroup: it corresponds to the irreducible n- 
dimensional complex representation of the product /^^ x Ip^ of global inertia subgroups 
having an order equal to {N ■ m^^) where m^^ — rrij -\- 1 is the multiplicity of the j-th 
complex place. 

Then, a toroidal compactification of Xsj^^^ is envisaged by mapping Xsj^^j^ into the cor- 
responding toroidal compactified lattice bisemispace 

Xs,^, = GL„(F^ X FI)/gK{{Z/N Zf) ^ G^^-\F^ x FJ) 

in such a way that Xg^^j^ may be viewed as the interior of Xg^^i^ in the sense of the 
Borel-Serre compactification. and Fj are the sets of toroidal completions. 
A double coset decomposition of the bihnear complete algebraic semigroup GL„(F^ x Fj) 
gives rise to the compactified bisemispace 

^kI = Pn{F^. X FJO \ GL„(FJ X Fl)/GK{{Z/NZf) . 

A general bilinear cohomology is introduced in section 3.2 as a contravariant functor H* 
from smooth abstract (resp. algebraic) bisemivarieties together with a natural transfor- 
mation nfj*_^ff[*,*] from H* to the associated the de Rham bihnear cohomology H^*'*\ 
This bilinear cohomology is: 

• of general type in the sense that it is a motivic (or Weil) bilinear cohomology directly 
related to the singular, de Rham of Betti cohomologies, 

• characterized by Hodge (bisemi)-cycles, a Kiinneth standard conjecture and a Kiinneth 
biisomorphism. 
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It results then that: 

H'\si^, ® M^J = Repsp(GL,(F4 x FJJ) 

where 

• M^^ (g) M|.* is an irreducible GLjfF^^ x Fy^)-subbisemimodule of 

M|." ®M|," , i < n is a complex dimension; 2i is the real corresponding dimension ; 

• Repsp(GLj(Fj^ x F^^)) is the representation space of the complete bihnear semigroup 
of matrices GLi(Fj^ x ^J®) ■ 

As the toroidal compactification of Xs,^^^^ is an isomorphism, we have that: 

IrrRep<t (^^« x O ^ ^^'^^^4 >< ^i) 

~ Repsp(GL,(F4 x FJJ) . 

p 

On the other hand, the bilinear cohomology H'^^{Sj^^, M|.^ M|,* ) has a decomposition 
following the equivalent representatives Qth^l b' ^i] of the conjugacy classes of the complete 
bilinear semigroup G'^''{F-^ x Fj) according to: 




As a consequence, the bilinear cohomology M|,^^ -^rl^) analytic de- 

velopment consisting in the product EISfl(2i, j, mj) (8) £18^(2^, j, mj) of the (truncated) 
Fourier development of a cusp form of weight 2 by its left equivalent. The n-dimensional 
complex cusp biform EIS R{2i, j,m.j) <S> EIS ^{21, j,m.j) , in one-to-one correspondence with 
the bihnear cohomology H'^^(Sj^^, -^t^^ ® "^^i®-^ ' constructed according to a solvable 
way and corresponds to an eigenbifunction of the product Tji{i;r) (8) TL{v,r), right by 
left, of the Hecke operators; so, EISfl(2i, j, mj) EISi(2i, j, mj) constitutes an irreducible 
supcrcuspidal representation Irr cusp(GLj(F^ x Fj)) of the general bilinear semigroup 
GL,(FJ X FJ) . 

This leads us to a Langlands irreducible global correspondence: 
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IrrRepg {Wf^ x Wf) > Irr cusp(GL,(Fj x Fj) 

• from the sum of the products, right by left, of the conjugacy classes (associated 
with the places of the semifields F^ and F^ ) of the irreducible i-dimensional rep- 
resentation IrrRep[^^ (^f^ x Wp^^) of the bilinear Weil-Deligne group given by 
G('HF^^ X F^J) ; 

• to the sum of the products, right by left, of the conjugacy classes of the irre- 
ducible cuspidal representation Irr cusp(GLi(Fjg^ x Fj^)) of GLj(Fj x Fj) given 
by EISfl(2i, j, ruj) £18^(2^, j, m,) 

where G^"^^^ {F^ x Fj) is a (bisemi)sheaf over the complete bilinear semigroup G^^*^ (Fj x Fj) 

A second kind of Langlands irreducible global correspondence can be reached by considering 
the real equivalent of the preceding correspondence: this can be realized by envisaging 
the boundary OXsr^l = GL„(F+'^ x F+'^)/GL„((Z /N Zf) of the compactified lattice 
bisemispace Xs^^^ , where F^J"'^ (resp. F^'^ ) is a toroidal compact semifield. This 
inclusion morphism 7^xl • -^Srxl ~^ ^^Srxl sends bijectively the (diagonal) "complex" 
class representatives into the corresponding "real" conjugacy class representatives covering 
them. This gives rise to a double coset decomposition 

5^5: = Pn{F,\'^ X F^'^) \ GL„(F+'^ X F+'^)/GL„((Z/iV Z)^) 

of the general bihnear semigroup GL„(F^'^ x F^'^) . 
p 

dSj^^ is then the equivalent of a Shimura (bisemi)variety whose cohomology: 

H'^d^Z, M|! ^ ) = Repsp(GL,,(F+/ x F+/)) 

is the irreducible Eisenstein bilinear cohomology which has an analytic representation given 
by the product 

ELLIPK(2i,/, mjs) ® ELLIPL(2i,/, rrijs) 



G^'''\F, 



X 



F^ ) 
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of a right 2i-dimensional global elliptic semimodule ELLIPji(2i,j^,mjs) by its left equiv- 
alent. ELLIP ii{2i, ,mjs) ^ ELLIP L^i, ,mjs) is also a "solvable" (bi)series and is an 
eigenbifunction of the product of Hecke operators. 

On the irreducible bisemivariey dSj^^ , there is a Langlands irreducible global correspon- 
dence; 

IrrRepg.'^^ {W^^ x W^i) > Irr ELLIP(GL2i(F+'^ x 

F' -^TT -'^V 

G(''\F+^ X F+J . ELLIPHxL(2i, m,J 

cm X F+f) — . (F+'^ X ry) 

• from the sum of the products, right by left, of the conjugacy classes of the irreducible 
n-dimensional representation IrrRep^^*"* {W'^+ x of the bilinear global Weil 

group given by the complete bilinear real semigroup G^'^^\F^^ x ) ; 

• to the sum of the products, right by left, of the conjugacy classes of the irreducible 
cuspidal (and eUiptic) representation Irr ELLIP(GL2i(F^'^ x of GL2i(F^^ x 

given by the "solvable" global elliptic bisemimodule ElAAP ^{2%, f ^nijs) 
®ELLIPL(2i, j^mji) . 

Two kinds of trace formulas have been considered. The first type of trace formula is an 
adaptation of the Arthur-Selberg trace formula to the operator associated with the bilin- 
ear parabolic semigroup 

p(2«)(ir_i X F^i) envisa ged in the present context as the unitary 
representation of the complete bilinear semigroup GL„(F^ x F^) . This operator acts by 
convolution on the bialgebra L]^^j^{G'^'^'^\F^'^ x -F"*")) of smooth continuous bifunctions on 
the pseudo-unramified bilinear complete semigroup G*^^"-* (F^*" x F™') and decomposes ac- 
cording to the unitary conjugacy classes of the pscudo-ramified bilinear complete semigroup 
Q{'2'n)(^p_ ^ p^-^ ^ Th.e resulting trace formula occurs in the bialgebra L]^-^^(G(2n)(^_ ^ ^^^^ 

of bifunctions on G^'^^\Fjj x F^) and relies on Lefschetz trace formula. Remark that the 
complete trace formula, referring to the set of irreducible representations of G'^'^'^\F^ x F^^) 
must be envisaged in the frame of chapter 4. 

The second kind of trace formula, occurring directly in the bialgebra L}^^j^{G^'^'^\FuX F^)) 
of bifunctions on the pseudo-ramified algebraic complete semigroup G^'^'^\FjjjX Fj)) , leads 
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to the Plancherel formula and corresponds to the first type of trace formula. 



0.3 Langlands reducible global bilinear correspondences 

While the bilinear global correspondences of Langlands deal essentially with the irreducible 
representations of algebraic general bilinear semigroups, reducible global bilinear corre- 
spondences will be constructed with respect to the reducibility of the representations of 
the considered general bilinear semigroups. Three kinds of reducibility will be envisaged: 

1. the representation of the complete bilinear semigroup GL„(Fjj x F^^) will be said 
to be partially reducible if it decomposes according to the direct sum of irre- 
ducible bilinear representations Rep{GLn^{FjjX F^^)) taking into account the partition 
n = rii + ■ ■ ■ + ng + ■ ■ ■ + Us of n . 

2. the representation of GL2n{Fu x F^) will be said to be orthogonally completely 
reducible if it decomposes "diagonally" following the direct sum of irreducible bi- 
linear representations Rep(GL2^(Fjj x F^)) , 1 < £ < n . 

3. the representation of GL2n(-fzzrXFt^) will be said to be nonorthogonally completely 
reducible if it decomposes diagonally following the direct sum of irreducible bilinear 
representations Rep(GL2^(Fj^ x F^)) and off diagonally following the direct sum of 
irreducible bilinear representations Rep(T2* {F^j) x T2, (-^u;)) • 

Let then IcZ "^^ , X^a and x^a^^"^^^ be the three kinds of reducible com- 

pactified lattice bisemispaces and let 5- 't^" and be their 

corresponding double coset decompositions. 
Their bilinear cohomologies then decompose according to: 
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where M^l" = G^^''^\F^J (resp. M^^;^ = G(2»^)(f4)) is a right (resp. left) semisheaf 

over the right (resp. left) linear semigroup G^^"'^\F^^) (resp. G^^'"^\F^^) ) , 

and are in one-to-one correspondence with the sums of the products of the (truncated) 

Fourier developments of the cusp forms of weight two. This leads to evident reducible 

global bilinear correspondences of which the partially reducible case is explicitly developed 

here: 

Red(Rep£;;^^ JW^^^=^"^+---+^"' X iy^n=2n,+...+2n.)) ^ Red cusp(GL„=„,+...+„, (FJ X FJ) ) 

QY2™=2niH ^'^"'"(^j^^ X QY^""^"'^"' (X 

where: 

• Red(Rep£;|^^ Jiy^^='"l+-+'"= X iy2n=2ni+...+2n«^)^ g-^^^ Q(2n=2m+-+2n.) ^ 

-^0)0 ) ) 

. Redcusp(GL„=„,+...+„^(Fj: x Fj)) is given by © i/2-^(5;:7;X7^ ® = 
®{ElSR{2ni,jR,mjJ O EISL(2n£, jl, m^-^)) ; 

m CY^"=2"i+-+2"=(Xi) = © CY^"*(Xi) with CY^"^(Xi) a 2nrdimensional toroidal 

2n^ 

compactified semi "cycle" over the (compactified) semischeme Xl ■ 

As in the irreducible second kind of reducible bilinear global correspondences of 

Langlands has been developed in section 4.2 on the equivalents of the reducible Shimura 
bisemivarieties. 

This last version of the paper was undertaken in order to precise and define the bilinear 
cohomology theory in section 3.2. 

14 
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1 Global class field concepts, motivic chain bicom- 
plexes and pure Chow bimotives 



1.1 Global class field concepts 

1.1.1 Classical background 

The two main challenges of class field theory are the explicit construction of class fields and 
of reciprocity laws. Historically, this program proceeds essentially from the fundamental 
problem in algebraic number theory consisting in describing how an ordinary prime p 
factorizes into "primes" in the ring of integers Oe of finite extension E of Q . If we set 
that = Z (i) , then we obtain the following well known: 

Theorem: Suppose p is an odd prime. Then p can be written following p = + rn? — 
{n + im){n — im) , n,m E Z if and only if p = 1(4) . 

This is an elementary example of the Probenius automorphisms Ftp in the Galois group 
G — Gal(£'/Q) . Remark that Ftp = id when p splits completely into E , i.e. when the 
ideal it generates in Oe factors into distinct prime ideals ol Oe ■ 

A major objective consists in proving that the splitting properties oi p m. E depend only 
on its residue modulo some fixed modulus . This can be achieved if G = Gal(£'/Q) 
is abelian and if o" : G ^ C * is a homomorphism. Then, there exists an integer > 
and a Dirichlet character Xa- '■ (Z/A^Z)* ^C* such that c(Frp) = Xo-(p) for all primes 
p unramified in E : this is E. Artin's fundamental reciprocity law of abelian class field 
theory. All that was developed very clearly by S. Gelbart in [Gel]. 

1.1.2 How do global algebraic number fields proceed from this classical back- 
ground? 

An interesting step of this paper in relation with section 1.1.1, consists in replacing the 
finite adele ring by the infinite places of an algebraic extension (i.e. a splitting (semi)field) 
of a global number (semi) field k of characteristic zero such that: 

a) the degrees or ranks of the generated "pseudo-ramified" completions of F+ are inte- 
gers modulo A^ where A" is the order of the associated global inertia subgroups. 

The completions of are constructed from irreducible closed algebraic subsets in 
such a way that they are isomorphically covered by the corresponding algebraic 
extensions. 
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These completions result from an isomorphism of compactifications of the corre- 
sponding algebraic extensions. 



b) a character Xvj^ :(Z/A^Z)*— >C*is associated to every pseudo-ramified completion 



at the Vjg-th place of F"*" such that its decomposition group D^.^ generates 



the Dirichlet character Xv of the equivalent pseudo-ramified completion 
following: 



The point a) deals with the definition of a set of increasing "pseudo-ramified" completions 
i^^ which have increasing ranks equal to the associated extension degrees 
[F+^ : A;] js ■ N such that every (pseudo-)ramified completion is generated from 
an irreducible "central" completion having a rank equal to N . 

And the point b) refers to the construction of equivalent pseudo-ramified completions 

F+ 

As a consequence, the residue subfield of is defined by F+'"^ = / Fji : this imphes 
that this residue subfield is a pseudo-unramified completion of F+ whose rank is 

given by the extension degree : k] ~ js of the corresponding subfield of F+ , 

J§ Jo 

also called a global residue degree. 

The generation of global algebraic extension (semi)fields thus originates from classical 
algebraic number theory as it will be developed in the following sections and presents some 
analogy with the construction of local p-adic number fields as envisaged in the following 
section. 

1.1.3 Classical notions of local number fields 

The classical notions concerning local number fields can be summarized as follows. 

Let Ok denote the ring of integers of a finite extension K oi Qp . Its residue field is 
k{vK) = k{pK) = Ok/ pK where pK is the unique maximal ideal of Ok ■ Let vk '■ K* — > Z 
be the unique valuation so that the absolute value on K is given by 

\-\k^\-\v^ with \x\k = (#A;K))-"^(^) for x e K* . 

The number of elements in k{pK) is q= where /^^ = [k{vK) : Fp] is the residue degree 
over Qp . 

The ideal pK Ok of Ok has the form = a;^^ where 
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• ujk is a uniformiser in Ok ; 

• e^^ is the ramification degree of K over Qp . 

Then, we liave [K -.Qp] = e^^ • /^^ sucli tliat e^^ = [/T : Qp]//^^ . 

If K'"^ denotes the maximal unramified extension of K , the inertia subgroup Ik can be 
defined by: 



1.1.4 Infinite places of a global number field of characteristic 

Let k be a global number field of characteristic zero and let F denote a finite (algebraically 
closed) extension of k such that F = F^ U F/;, is a symmetric splitting field composed of a 
right and a left algebraic extension semifields F^ and Fi in one-to-one correspondence. In 
the complex case, Fl (resp. Fr ) is the set of complex (resp. conjugate complex) simple 
roots of a polynomial ring k[x\ over k . In the real case, the symmetric splitting field is 
noted F^ = F^ U F^ where F^ (resp. F^ ) is the algebraic extension semifield composed 
of the set of positive (resp. symmetric negative) simple real roots as developed in the 
appendix. Remark that k can also be written following k = k^U ki . 
The left and right equivalence classes of the local completions of F^^ and F^^ are the left 
and right real (resp. complex) infinite places of F^^ and F^'^ : 

they are noted v = {vi^, ■ ■ ■ , Vj^, ■ ■ ■ , Vrg} and v = {vig, ■ ■ ■ ,Vjg, ■ ■ ■ ,Vrg} in the real case 
and cu — {uji, ■ • • ,ujj, - ■ ■ , Ur} and cJ — {ZJi, ■ ■ ■ , cJj, ■ • • , Ur} in the complex case and are 
constructed in such a way that each complex place is covered by its real equivalent. 

Recall that the completions of F^^ and Fj^^ at infinite places are defined for the topology 
by their archimedean absolute values such that the Cauchy sequences in these completions 
converge (i.e. have a limit). 

1.1.5 Completions of a global number field 

• Let F^. (resp. F^. ) denote a left (resp. right) complex pseudo-ramified completion 
of Fl (resp. Fr ) in loj (resp. Uj ) and let (resp. ) denote a left (resp. right) 
real pseudo-ramified completion of F^ (resp. F^ ) in vj^ (resp. vj^ ): they will be 
assumed to be generated from an "irreducible" central completion F^i (resp. F^i ) 
of rank N ■ m^^ in the complex case and from a irreducible completion F^i (resp. 
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Fjji ) of rank in the real case where m'^^^ = sup(mj) + 1 is the multiphcity of the 
j-th real completion covering its complex equivalent. 

So, the ranks (i.e. the Galois extension degrees of the associated extensions) of the 
complex and real completions will be given by the integers modulo N , N & N , 
where the integer N corresponds to the Artin conductor. 

In the complex case, the ranks of the complex pseudo-ramified completions will be 
given by: 

[F^. :k]^{*+j-N) mS^^ [F^. : A;] = (* + j • A^) mS^^ , 

where * is an integer inferior to iV , in such a way that [F^^ : k] = [Fjjj^ : k] — 
{j ■ N) m(^) if [F^j : k] = [F^,^ : k] = modN , 1 < j < r < oo . 

The "irreducible" complex completions have ranks: 

[F^i -.kj^N- m^^ , [F^i ■.k]^N ■ m^^ . 

In the real case, the ranks of the pseudo-ramified completions will be: 

[F::^:k]^*+j-N [F+^:k]^* + j-N , 

in such a way that [F+ : k] = [F+ : k] = j ■ N ii [F+ : k] = [F+ : k] = OmodiV , 
1 < J < r < oo . 

The irreducible complex completions have ranks: 

[Ft ■.k]^N, [F+ ■.k]^N. 

The introduction of "irreducible" central completions F^i (resp. F^i ) in the complex 
case and of irreducible central completions F\ (resp. F^ ) in the real case leads to 
consider that: 



— the complex pseudo-ramified completion Fi^^ (resp. F^. ), 1 < j < r , can be 
cut into a set of j irreducible equivalent complex completions F j' , 1 < / < j 
(resp. F_j' ) of rank N ■ m^^^ ; 

- the real pseudo-ramified completions (resp. F-^.^ ), 1 < js < rs , can be cut 
into a set of js irreducible equivalent real completions F"*:, , I < < js (resp. 

F+, ) of rank TV . 

35 
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However, remark that the extension degrees characterize more exactly the sphtting 
subfields in bijection with the corresponding completions of Fj^^ and F^^^ . 

• The introduction of "irreducible" central complex left completions F^i (resp. right 
Fjjji ) of rank N ■ mS^^ at the complex places Uj (resp. oJj ), 1 < j < r , and of 
irreducible real left completions F\ (resp. right FX ) of rank N at the real places 
Vjg (resp. ), 1 < < T , allow to define the global residue subfields of these 
completions as quotient subfields given by: 

K]-F^,IK) (resp. FS^^F^Jf^.) 
in the complex case and by 




in the real case: they are called global residue completions or pseudo-unramified 
completions of F^"^ (resp. F^^ ) characterized by their ranks, or global residue 
degrees, given respectively by 

[F- ■.k]=j- m(^) (resp. [F^J : k] = j ■ m[{j) ) 

in the complex case and by 

[<r:^]=J (resp. : A;] = j ) 

in the real case. 



• As a place is an equivalence class of completions, we have to consider a set of com- 
plex completions {F,^. ^, , rrij & N , equivalent to F^^. , for all 1 < j < r and 
characterized by the same rank as F^^^ . 

Similarly, a real place Vj^ will be given by the basic real completion Fy.^ and by the 
set of real equivalent completions {F^. }m, , ^ > characterized by the same 

rank as F^,. . 

A complex (resp. real) equivalent completion F^^,^ (resp. F^. ^ ) is generated from 
the respective basic completion F^^ (resp. F+ ) by the action of the nilpotent group 
element u^. ^ . (resp. Uy.^ ^ . ) following: 

Un;' F^.=F^. (resp. Uy. F+ = F+ ) 
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Since only bilinear cases are relevant, it is more exactly the nilpotent group element 
Uj2.„i2 acting on (F^^. x F^^.) which must be taken into account. It generates the 
equivalent completion {Fi^. x F^^. ) in the complex case according to: 

in the real case, we should have: 

as it will be developed in the next chapter. 



6 Infinite adele semirings and semigroups F^^ , FJ^^ , Fy+ and F:^^^'^ 

» So, a left (resp. right) infinite "pseudo-ramified" adele semiring A ^ (resp. A f_ ) 
can then be introduced by considering the product over Archimedean prime places 
jp of Fl (resp. Fr ) of the basic completions F^.^ (resp. Fj^j.^ ) according to 

^F. = nF,,^, l<Jp<r<oo, (resp. A-=nF^,J. 



In the same way, a left (resp. right) "pseudo-unramified" adele semiring A ^2°° 
(resp. Ap^°^ ) can then be defined from the product of pseudo-unramified "prime" 
completions following: 

A^r^nF- (resp. A^^- = nF-). 

3v Jp 

And, in the real case, left and right pseudo-ramified and pseudo-unramified adele 
semirings are introduced similarly by: 

A^+ = nF+ 1<J5, <rp<oo, (resp. A~+=nF+ ) 



3Sn 



and by 



A;r=nF+'- (resp. A;r=nF+;-) 
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• Let 



denote the set of pseudo-ramified completions at all Archimedean complex places ujj 
(resp. ujj ). Then, the direct sum of these pseudo-ramified completions is given by: 



3 



■J 



(resp. F^^^®®F^ 

J nij ■> 



Similarly, if 



pnr r pnr _ _ _ rpnr rpnr _ _ _ /T"^!. 

(resp. = • • • , F^, F^^ . , • • • , F^} ) 



denote the set of corresponding pseudo-unramified completions, their direct sum is 
given by: 

F"^ = © © F"^ , 1< J < r < oo , 



(resp. F- = ©©F^^^_^ 



3 "I. 



In the real case, if 

F+ = i F+ ■ ■ ■ F+ • • • F+ I 
(resp. F+ = {F+^,---,F4^^^,.--,F+J) 



denotes the set of pseudo-ramified completions at all Armimedean real places Vj^ 
(resp. Vjg ), the direct sum of these gives: 



(resp. Fl = e e F* ). 



Similarly, the direct sum of all pseudo-unramified real completions gives: 

Fi- = ffi©F+'-. , l<js<rs<^, 

® 35 mjg 



(resp. F^^"- = © © F^^:'"- 
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Galois groups and Weil groups will now be introduced in the complex case by taking 
into account that the real case can be handled similarly. Furthermore, the considered 
Galois subgroups refer to Galois subgroups of splitting subfields F^^. in bijection with the 
corresponding completions F^^. . 

1.1.7 Galois and inertia subgroups 

Let GaP(F^^,/A;) (resp. GaP(F<^^./A;) ), Gsl{h,,^Jk) (resp. Gsl{h,,^Jk) ) and 
Gal(Ft^^y /c) (resp. Gal(-F^^yA;) ) denote respectively the Galois subgroups of the basic 
(non-compact) extension F^^. (resp. F-^. ), of the m^-th equivalent extension F^.^, (resp. 
Fj:j^^^^ ) and of the set of extensions {-PL;^,^^} (resp. {F^.^^,} ) including F^. (resp. F^. ). 
So, we have that: 

Gal(F,,/A;) = GaP(F,,/A;) © Gal(F,, ^ . /A;) . 
For the respective pseudo-unramified extension, we should have: 

Gal(F-/^) = GaP(F«7^) © Gal(F-^.^) . 

rrij 1 

The Galois subgroup of the "irreducible" central extension F^i having a rank equal to 
■ m^^^ is obviously the global inertia subgroup Ip^ of Gal^{F^j./k) because it can be 
defined by: 

I^^ = GaP(F.7fc)/GaP(F-/fc) . 
Similarly, the global inertia subgroup Ip^ . of Gal(F(^ . ^./k) is defined by: 

= Gal(F...,A)/Gal(F-^y/c) . 
As the global inertia subgroups are of Galois type, they are all isomorphic: 

IpD ~ • • • ~ IpD ~ • • • ~ IpD , 

which has for consequence that the kernel of the map: 

Gal,- : Gal(F,./A;) > Gal(F-/A;) 

is a general global inertia subgroup Ip^, verifying 

7^„^. =Gal(F^7^)/Gal(F;7A;). 
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1.1.8 Proposition 

There exists an injective nilpotent morphism 

from the Galois subgroup GdA^{F^./k) of the basic extension F^^ to the Galois subgroup 
Gal(Fi^./k) of the set of extensions {-FL,„.} • 

Proof: According to section 1.1.5, the extension F^.,^, is generated from the basic exten- 
sion Fj^^. by the action of the nilpotent group element u^.^^ . following: 

1.1.9 Definition: global Weil groups 

Referring to section 1.1.7, we have that: 

• Gal(Fr/A;) = Gal(F,./A;) ; 

• Gal(F^7A;) = © Gsl{hjk) ; 

• GaP(F«7^) = ® GaP(F^,/^) ; 

3=1 

• GaP(F^7A;) = © GaP(F^./A;) ; 

where F^'^ is the union of all finite abelian extensions F^. of Fl in Fl leading to: 

• Gal(F^7A;) x Gal(Fr/A;) = © (Gal(F^,/A;) x Gal(F^,/A;)) ; 

• GaP(F^7A;) x GaP(Fr/A;) = © (GaP(F^,/A;) x GaP(F,./A;)) . 
Similarly, in the pseudo-unramified case, we get: 

. Gal(F-/A;) X Gal(Fr7^) = ® (Gal(%;/A;) x Gal(F-/fc)) ; 

. GaP(FJ/fc) X GaP(Fr7fc) = © (GaP(%;/fc) x Gal^(F«7fc)) . 

j=i 
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As in the p-adic case, the Weil group [Tat], [H-T] is the Galois subgroup of the elements 
inducing on the residue field an integer power of a Frobenius element, we shall assume 
that, in the characteristic zero case, the Weil group will be the Galois subgroup of the 
pseudo-ramified extensions characterized by extension degrees d = mod ■ m^^^ . 
In this respect, let F^^^. (resp. Fj;^^ ) denote a Galois extension characterized by a degree 

[F^.:k]^{j-N)m^^ (resp. [F^. : k] ^ (j ■ N) m^^^ ), 

and let F^. (resp. F.^, ) denote the respective pseudo-unramified extension characterized 
by the global residue degree: 

X^nr x.nr 

[-^a,,- ■k]= j- m^^) (resp. [F^. : k] = j ■ m^^^ ). 
The sum of the Galois subgroups of such extensions is then given by: 

Gal(F^ /k) = © Ga\{F^Jk) = W^l 

(resp. Gal(F^/fc) = © Gal(F^,/A;) = Wf^ ) 

j=i 

and corresponds to the Weil global group Wp'^ (resp. VF^^ ). 
The product, right by left, of these Weil groups thus is: 

W"^^ X Wf^ = Gal{F^/k) X Gal(F^ /k) C Gal(F^7A;) x Gal(Ff /A;) . 

1.1.10 Remark concerning the pseudo-ramified extensions taken into account 
the Weil global groups 

As it was mentioned in section 1.1.9, the Weil global groups are the Galois subgroups of 
the pseudo-ramified extensions characterized by extension degrees d — OmodA^ : they 
were noted F^. and Fj;j. , 1 < j < r < oo . 

Since the Langlands program concerns the n-dimensional representations of Weil global 
groups in bijection with the corresponding automorphic representations, we shall be es- 
sentially interested by the completions corresponding to these pseudo-ramified extensions 
^ and • In order to simplify the notations, we shall consider, until the end of 

chapter 4, these restricted completions with the notations introduced in section 1.1.6 for 
the general case. 

Let us now introduce the Suslin-Voevodsky motivic bicomplexes and the Chow bimotives 
which will be especially used in chapter 4. 

The proposed treatment shows how it is possible to construct enough algebraic 
cycles. 
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1.2 Suslin-Voevodsky motivic bicomplexes 

Let Fi^ (resp. F^jj ) denote the set of the finite completions of Fl (resp. Fr ) at the set of 
infinite places uj (resp. uj ) . 

1.2.1 Definition: CW semicomplexes 

Let Tl (resp. Tr ) be a left (resp. right) topological semispace over F^^ (resp. F^^ ) restricted 
respectively to the upper (resp. lower) half space. Tl (resp. Tr ) is identified with a 
left (resp. right) CW complex having a partition in left (resp. right) closed cells noted 
CELi(F<^.) (resp. CELfl(F^.) ) such that every left (resp. right) closed cell CELl(F^.) 
(resp. CELfl(Fjx7^.) ) be defined over a left (resp. right) place Uj (resp. Uj ). Furthermore, 
it will be assumed that every left (resp. right) reducible closed cell CELl(F(^^.) (resp. 
CELij(Fjxj^.) ) decomposes into a set of one-dimensional irreducible subcells Cl{F^.) (resp. 
Cr{Fj^.) ). Each left (resp. right) CW complex Tl (resp. Tr ) is isomorphic to an object 
of the category SmL{k) (resp. SmR{k) ) of the left (resp. right) smooth quasi- projective 
semivarieties over k . The Eilenberg-MacLane topological semispace generated by the 
left (resp. right) CW complex Tl (resp. Tr ) is the free topological abelian semigroup 
generated by Tl (resp. Tr ), i.e. the semigroup completion L*°P[Ti] (resp. L*°p[Tr] ) of 
the topological commutative monoid □ SP'^{Tl) (resp. □ SP'^{Tr) ), where SP'^{Tl) 

(resp. SP^^{Tr) ) denotes the ie-th symmetric product of Tl (resp. Tr ). 

1.2.2 Definition: Suslin-Voevodsky motivic presheaf 

Let A^j^" (resp. A^*^ ) denote a left (resp. right) real topological 2n£-simplex, 2n£ G N , 
i.e. a closed subscheme in the affine (2n^ -|- 2)-semispace A^"^"*"^ (resp. A^"*^^^ ) and let A* 
(resp. A^ ) be a cosimplicial object in SmR{k) (resp. SmL{k) ) from the collection of the 
A^*^ (resp. A^"^ ). A presheaf of complexes on SmL{k) (resp. SmR{k) ) is a functor from 
SmL{k) (resp. SniRk ) to the left (resp. right) chain complexes of abelian semigroups. 
On the other hand, let Xf^ (resp. ) denote a left (resp. right) Sushn-Voevodsky 

smooth semischeme of real dimension 2i isomorphic to the left (resp. right) topological 
semispace Tl (resp. Tr ) over F^ (resp. F^^ ) decomposing into closed cells CELLiF^^.) 
(resp. CELr{F^.) ) which are also isomorphic to their algebraic analogues CELLiF^^.) 
(resp. CELr{Fi;j.) ). Fix 2n^ — iiX2i . Then, a Sushn-Voevodsky motivic left (resp. right) 
presheaf of (resp. Xf^ ) on SmL{k) (resp. SmR{k) ), denoted C:^(Xf) (resp. C^{X'^) ) 
and called in short a Suslin-Voevodsky left (resp. right) motive, is any functor from {Xf;') 
(resp. {X^^) ) to the left (resp. right) chain complex associated to the left (resp. right) 
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abelian semigroup UHoms„,/,(AI,5P*^(Xf)) (resp. |J Hom5^«/fe(A^, -SP'^(X-)) ). 



1.2.3 Definition: reducibility of Suslin-Voevodsky presiieaf 

If we take into account the decomposition of the left (resp. right) smooth semischeme 
(resp. ) in closed subsemischemes isomorphic to algebraic cells CEL£,(F;^^.) (resp. 
CEhR{F^.) , then the Suslin-Voevodsky left (resp. right) motive C;^(Xf ) (resp. C^{X'^) ) 
is the functor from Xf;' (resp. X^^ ) to 

UUHom5^,/,(A^5Pi;(Xr[j])) (resp. U U Hom5^^/,(A^ 5Pi:(X^1j])) ) 

H j H 3 

where SP^^{Xf^[j]) (resp. S'P**(X^^[j]) ) denotes the j-th equivalence class of the i^th 
symmetric product of (resp. Xf^ ) associated with the left (resp. right) place ujj 
(resp. Uj ) of the completion of the semifield (resp. Pr ). On the other hand, if we 
consider the decomposition of the closed cells into one-dimensional irreducible afhne curves 
Cl(j) (resp. Ch(j) ), then the Sushn-Voevodsky left (resp. right) motive C^(A"|!") (resp. 
C_^{X^) ) will be represented by 

UU U ^OT^Sm,/k{K.Cm{SP%Xr\j]))) 
H 3 "1=1 

(resp. UU U Hom5„,/,(A^,C^(5P^^(Xf b1))) ) 

If, j m=l 

where {C^(-SP^^(Xf [j]))}^"ii (resp. {C^(-5P^^(XF[j]))}m=i ) is a set of affine curves, 
having multiplicities rrij^ . Finally, if — iiX2£ , let p2n^;L (resp. p2n^;ii ) denote the re- 
striction oiC_^{Xf^) (resp. C_^{XI^) ) to its 2nrth element and let Zi(2n^) (resp. Zji{2ni) ) 
denote the 2nrth left (resp. right) Suslin-Voevodsky submotive given by C^(L2nf;L)[— 2n^] 
(resp. C ^{L-}.nf-R)[—2ne] ) which corresponds to the 2nrth desuspension of C_^{L2nf-L) (resp. 
Q*{L2ne;R) ) (^^® desuspcusion sends objects of homological degree (2n^-|-2) to degree 2n^ ) 
[Mor]. 

1.2.4 Presheaf with transfers 

C^{Xj^) (resp. C^(Xj^) ) has the property to be a presheaf with transfer, i.e. has the 
correspondence property of motives. A left (resp. right) correspondence between the 
smooth left (resp. right) semischemes Xj^ (resp. Xj^ ) and ¥£'" (resp. Y^^ ), noted 
Corr(X£'", y/") (resp. Corr(X^'', Y^'') ), is the free abehan semigroup on the set of closed 
irreducible subsemischemes XYl'" (resp. XY^^ ) of Xf^ XkYf" (resp. X^^ Y^^ ) [Voe] 
endowed with the projection from XYf'" (resp. XY^^ ) on one of the irreducible components 
of or of y/" (resp. Xf}' or of Y^" ). 
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1.2.5 Bilinear correspondence on Suslin-Voevodsky semischemes 

As left and right semischemes and Xf^ are taken into account, we have to introduce 
a new kind of correspondence called bilinear left-right (resp. right-left) correspondence 
between the left (resp. right) smooth semischeme X£' (resp. X^ ) and the right (resp. 
left) smooth semischeme Y^^ (resp. Yf" ). Then, a bilinear left-right (resp. right-left) 
correspondence will be given by Corr(Y^'', XfJ') (resp. Corr(F/", Xf^) ) and defined as the 
free abelian bilinear semigroup on the set of closed irreducible subsemischemes XY^^^^ 
(resp. XYllji ) of Yg" x (resp. F/^ xX'^). This leads to introduce a left (resp. right) 
Suslin-Voevodsky motivic bilinear presheaf C_^{Y^^ x Xf^) (resp. C_^{Yl^ x X^) ) from 
Y^^ X (resp. Yl"" x X^ ) to the right-left (resp. left-right) chain complex associated 
to the bilinear semigroup 

(A^,^,5P^^(Corr(ri",Xr)) 
(resp. U Hom5^,^5m.(A« 5P^^(Corr(y-, X-)) ). 

1.3 Chow motives 

1.3.1 Equivalence classes of algebraic cycles 

Let Xl (resp. Xr ) denote a left (resp. right) smooth semischeme of complex dimension 
n isomorphic to an algebraic linear semigroup of the same dimension over the extensions 
of a field k of characteristic such that 

m 2n > 21 [21 is the real dimension of the Suslin-Voevodsky semischeme Xf;' (resp. 

• 2n = E i£ X 2£ = E 2n^ ; 

i I 

• i is an integer corresponding to the dimension 2n^ used in section 1.2; 
so, we have that: i = 2n^ . 

Let Z'^{Xi) (resp. Z^Xr) ) be the semigroup of algebraic semicycles CY\Xl) (resp. 
CY*(X^) ) of codimension i on Xl (resp. Xr ). As the left (resp. right) semischeme 
Xl (resp. Xr ) is isomorphic to an algebraic linear semigroup of the same dimension 
decomposing into conjugacy classes labeled by the integer j (see the introduction and 
section 2.4), it can be assumed that the semigroup of algebraic semicycles Z^{Xl) (resp. 
Z^{Xji) ) is partitioned into equivalence classes corresponding to the set of left (resp. right) 
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places uJi, - ■ ■ ,uJr (resp. cJi, • ■ ■ ,cJ,. ). So, let Z^XlIJ]) (resp. Z\Xji[j]) ) denote the j-th 
equivalence class of the semigroup of algebraic semicycles CY*(Xl[7']) (resp. CY*(XR[j]) ) 
associated to the place ujj (resp. uJj ) of (resp. ). 



1.3.2 Definition: rational equivalence 

On the other hand, the left (resp. right) semicycle CY*(XL[j]) (resp. CY\Xji[j]) ) must 
be rationally equivalent to zero, i.e. there must exist rational functions fcYi (I'csp. /cy'^ ) 
on irreducible subschemes of Xl (resp. Xji ) such that CY*(Xi[j]) (resp. CY*(X^[j]) ) 
can be decomposed into a formal sum of (Weil) divisors on fcY^ (resp. /cy'^ ) [Mur]. 
Let Zl^^{XL[j]) (resp. Zl^^{Xfi[j]) ) denote the j-th equivalence class of the semigroup 
of algebraic semicycles of codimension i rationally equivalent to zero, i.e. Z 1^_^^{X L[j]) = 
{CY\X l[3]) G Z\Xl[j]) I CY\X L[j]) be rationally equivalent to zero} (idem for 
Zl^^.{Xji[j]) ). Thus, we have that 

is the i-th left (resp. right) Chow semigroup of X^ (resp. Xr ) and that 



is the j-th equivalence class of the i-th left (resp. right) Chow semigroup. 



1.3.3 Lemma 

// a numerical equivalence is considered for the i-th left (resp. right) Chow semigroup 
C}1\Xl) (resp. CH*(Xij) ), then it can he partitioned according to: 

Cff(Xi)= © ©CH^(Xi[7-]) 

m=l j 

(resp. CW{Xr)^ © CH^(X«[;-]) ) 

m=l j 

where CY{]^{XL[j]) (resp. GRl^{XR\j]) ) is the j-th equivalence class of the one-dimensional 
simple left (resp. right) Chow semigroup CH^(Xi) (resp. CE}^[Xr) ). 

Proof: an algebraic semicycle CY\Xl) G Z\Xl) (resp. CY\Xr) e Z\Xl) ) is said to 
be numerically equivalent to zero if, for all algebraic semicycles CY^"'~*(Xi) e Z'^'^~'^{Xi) 
(resp. CY2"-^(Xfl) e Z'^''-\Xr) ), the intersection number 4{CY\Xl) ■CY'^'''\Xl)) = 
(idem for right part). 
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According to U. Jannsen [Jan2], the category of motives is a semisimple abelian cate- 
gory if there is a numerical equivalence on the cycles of the Chow semigroup C¥1\Xl) 
(resp. CH*(X/j) ) of the motives. So, if there is a numerical equivalence on the algebraic 
semicycles CY^{Xl) (resp. CH^X^) ), the i-th Chow semigroup can decompose as a direct 
sum of simple one-dimensional semigroups CH^(Xi) (resp. Clllj^{Xfj) ). So, the numerical 
equivalence on algebraic cycles is stronger than rational equivalence and implies it. ■ 

1.3.4 Definition: reducibility of algebraic semicycles 

A left (resp. right) algebraic semicycle thus decomposes following: 

cy\Xl) = e ® ® CY^(^Lb1) 

j m=lmj^ 

(resp. CY\Xn) = © © © CYI{Xr\j]) ) 

where rrij^ denotes the equivalent representatives of the m-th one-dimensional semicycle 
CYUXlIj]) (resp. CY^(X^[j]) ). 

1 .3.5 Proposition 

2n 2n 

Let C'R{Xl) = © CH^Xl) (resp. CYi{XR) = © GR^Xr) ) he the left (resp. right) Chow 

1=1 i=l 

semiring. 

If numerical equivalence is considered for the algebraic semicycles of all codimensions, the 
Chow semiring CH(Xi) (resp. CR^Xr) ) develops according to: 

2n i 

CH(Xi) = © © © CRI^{Xl[j]) 

i=l j m=l 
2n i -, 

(resp. CR(Xr) = © © © CRUXrU]) ) 

1=1 j m=l 

and has for elements: 

CY{Xl) = © © © © CYI.^{Xl[j]) 

1=1 j m=lmj^ 

2n i -, 

(resp. CY{Xr) = © © © © CYJ^(X«[j]) ). 

1=1 j m=lmj^ 

CH(Xi) (resp. CE.{Xr) ) is thus a semisimple semiring (see [D-M], [Ram] for a recent 
literature on this subject). 
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1.3.6 Definition 

A pure Chow motive restricted to the left or right case considered here is commonly de- 
fined as being a pair {Xl,Coyt:^{Xl,Xl)) (resp. {Xr,Cot:y^{Xr,Xji)) ) consisting in a 
left (resp. right) smooth semischeme X^ (resp. Xr ) having a decomposition in the 
left (resp. right) Chow semiring CE.{Xl) (resp. CH(Xij) ) as developed in Proposition 
1.3.5 and a left (resp. right) correspondence [Mur] Corr°(Xx,, X^) = CH°(Xi,Xx,) (resp. 
Corr°(X/{, Xr) = CH°(Xfl,Xij) ) which is the set of left (resp. right) projectors of Xl 
(resp. Xr ). 

1.3.7 Proposition 

The category of left (resp. right) Chow semimotives is additive, semisimple and graded by 
weights. 

Proof: results directly from Proposition 1.3.5. 

1.3.8 Definition: product of Chow semirings 

As in 1.2.5, a bilinear correspondence Cott{Xr, Xl) can be introduced and defined by 
Corr{XR,XL) = CR{Xr x Xl) - CE{Xb) x CH(Xi) . This leads to introduce the 
product between a right and a left Chow semiring which can be developed according to: 

CH(X^)xCH(Xi) = f©© © CH|.^^(X^[j])) X f©© © CRl^^iXLij])] 
= © © © CRl.jXR[j]) X CRlJXLlj]) 
©© © CRI^^{Xr[j]) X CRI^^{Xl\j]) 

where the first direct sum gives rise to a bilinear intersection pairing: 
CRlmiXR[j]) X CRI^XlU]) ^ CRl,^{XR,L\j]) 
while the second direct sum yields a bilinear mixed intersection pairing: 

CRI^^{Xr[j]) X CHj^JX^j]) ^ CRlrnn;mAXRxL[j]) ■ 
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1.3.9 Proposition 

Let C^lXf^) (resp. C_^{X^) ) he the left (resp. right) Suslin-Voevodsky reducible motivic 
presheaf represented by 

U U U HomsmjkiAl, CUSP'^iXr'm) 
(resp. U U U Hom5^«/,(A^, C^(5P^^(X- [;•]))) ) 

il 3 "1 



and let CH(Xi) = © ® C}ll^{XL\j]) (resp. CH(Xr) = © ® © C}ll^{XR\j]) ) be the left 

i j m ' i j m ' 

(resp. right) reducible Chow semiring of Xl (resp. Xr ). 
Then, we can envisage the maps: 

Mot^: C:,(Xf) {Xl,Coyy\Xl,Xl)) 
(resp. MotR-. C:,(X-) ^ CorrO(X«, Xr)) ) 

which are bijective between the pure left (resp. right) Suslin-Voevodsky semimotive and 
the corresponding pure left (resp. right) Chow semimotive {Xl.,Coyy^{Xl.,Xi)) (resp. 
{Xr,Coyy\Xr,Xr)) ). 

Proof: this is a direct consequence of the developments of this chapter connecting: 

• the dimension 2n of Xl (resp. Xr ) with the dimension 21 of (resp. X^^ ) by 
the relation 2n = E x 2^ ; 

• the reducibility of C^{Xf^) (resp. C:,(Xf ) ) to the reducibihty of CH(Xl) (resp. 
CH(X^) ). 
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2 Nonabelian global class field concepts based on the 
representation of an algebraic bilinear semigroup 



2.1 The general bilinear algebraic semigroup 

2.1.1 From the abelian global clciss field theory towcirds a nonabelian global 
class field theory: a summary 

In section 1.1, packets of left and right equivalent complex pseudo-ramified completions 
associated respectively with the left and right algebraic extension semifields and F^ 
were introduced so that: 

a) the j-th packet of the left (resp. right) complex pseudo-ramified completions is 
composed of the basic completion F^^. (resp. F^jj. ) and of the equivalent completions 
Fujj.^. (resp. Fjjj.,^, ): these completions are characterized by a rank given by the 
extension degree of the associated extension: 

[^., ■.k] = * + {j-N) m^^^ , 
(resp. [F^. : k] ^ * + {j ■ N) m^^^ ); 

but, as mentioned in sections 1.1.9 and 1.1.10, the completions with ranks[F^^. : k] = 
{j ■ N) m(^) (resp. [F^^y. : k] = (j ■ N) m'-j^ ) and [K-,^. ■ k] = {j ■ N) m^^^ (resp. 
[■^ujjmj '■ ^] ~ (i ■ ^) "^'^"'^ ) ^i^^ *^^^y taken into account. 

b) as the basic completion F^. (resp. F^. ) is generated from an irreducible central 
completion F^i (resp. F^i ), the basic completions F^. (resp. F^. ) and the equivalent 

j j 3 3 

completions F^^ ^ (resp. Fj^. . ) will be respectively decomposed into j irreducible 
equivalent subcompletions F j> , 1 < f < j , (resp. F_j' ) and F / (resp. F_j/ ) 

or rank A^^ • m^^^ . 

c) a character Xujj (resp. Xuj ) is associated to each basic completion F^^^ (resp. F^^. ); 
and an equivalent Dirichlet character Xu)jm- (resp. Xojjm- ) corresponds the equivalent 
completion F^.^. (resp. F^^.^. ). 

d) the left (resp. right) j-th packet of complex pseudo-ramified extensions corresponds 
to the j-th left (resp. right) place (Vj (resp. oJj ) of Fl (resp. Fr ). 

e) a left (resp. right) infinite adele semiring was constructed from the tower F^^ (resp. 
Fij ) of these packets of equivalent completions characterized by increasing ranks 
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according to: 




n i^.„ 



(resp. A~ 



where: 



• Fuj {-^WD ■ ■ ■ ) F^j^rnj T ' ' ' 1 FuJr} (rCSp. i^^j — {-^Ljl) ' ' ' ) Ff^j.^^^ T ' ' ' 1 F^ij,} ), 

• i^a;e = © © (resp. Fsj^ = © © Fjj.^, ) (see section. 1.1.6). 

j rrij ' ^ j nij ' ^ 

• So, the set of packets of left (resp. right) complex pseudo-ramified extensions cov- 
ering the associated completions is a left (resp. right) affine semigroup S\ (resp. 
S)j ) whose complex fibers are one-dimensional and to which a "complex" Picard 
semigroup Pic(Ft^) (resp. Pic(Ftj) ) corresponds: Pic(Ft^) (resp. Pic(Fjj) ) thus is the 
set of r isomorphism classes of finitely generated semimodules of complex dimension 
1 over (resp. ). 

• These few considerations relative to complex pseudo-ramified extensions (real pseudo- 
ramified extensions can be handled similarly) deal with the abelian class field theory. 
Now, the n-dimensional global Langlands program is based on nonabelian global class 
field theory [Lan2]. The challenge then consists in constructing the n-dimensional 
analog of the affine semigroup S \ (resp. S ^ ) such that we get an injective homo- 
morphism: 



from the Weil global group Wf^ (resp. Wf^ ) to GL„(F^^) (resp. GL„(F^^) ). 

More concretely, as it was justified in the introduction and in [Pie3], bilinearity, 
instead of linearity, will be envisaged: so, enveloping (semi) algebras = A ®^ 
of a given it!- (semi) algebra A , where denotes the opposite (semi) algebra of A , 
as well as bisemialgebras will be considered. Thus, we are interested in the products, 
right by left: 

- of infinite adele semirings A ^ x A ^ and of semigroups x F^^ and F^^^ x F^^^ . 

— of Picard semigroups Pic(Fij) x Pic(Fa;) ■ 

— of affine semigroups S )j x S . 

- of Weil global groups Wf^^ x Wf^ . 



Tab 
Fl 



. GL„(F^J ) 



(resp. ctr : W\ 



Fr 
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• The n-dimensional analog of the bihnear affine semigroup §)j X Si will be a 2n- 
dimensional bilinear affine semigroup which is a reductive (and semisimple) bilin- 
ear algebraic semigroup G'(2")(F^ X F^) considered as generated from the product 
GLn{Fjj X F^) = T^{F^) X Tn{Fj) of the group T^{Fu) of lower triangular matrices 
with entries in F^ by the group Tn{F^) of upper triangular matrices with entries 
in F^^ . So, the algebraic bilinear affine semigroup G'*^^"'^(Fz^ x F^) over F^j x F^ , 
resulting from the general bilinear algebraic semigroup of matrices GL„(Fj^ x F^) , 
is a GLniFzj x Ftj)-bisemimodule Mji eg) Ml (see the appendix). 

Recall that a reductive (resp. semisimple) group is a group having no unipotent 
(resp. solvable) infinite normal subgroup. 

• The consideration of a bilinear algebraic semigroup is justified by the fact that a 
bilinear algebraic (semi) group covers its linear equivalent as it is proved in proposition 
2.1.7: this leads us to take into account bialgebras and enveloping algebras. 

As the bilinear algebraic semigroup G^'^^\Fjj x F^) is built over (F^r x F^) , it is 
composed of r conjugacy classes, 1 < J < t , having multiplicities m^^^ = sup(mj. + 1) 
and corresponding to the r biplaces of {FjjX F^) . Note that m^^^ denotes the number 
of equivalent representatives in the r-th conjugacy class. 

The algebraic representation of the bilinear algebraic semigroup of matrices GL„(FnjX 
Fi^) into the GLn{Fzj x F^) -bisemimodule (Mr ® Ml) corresponds to an algebraic 
morphism from GLn{Fy x F^) into GL(Mr ® Ml) where GL(Mk ® Ml) denotes the 
group of automorphisms of Mr ® Ml ■ 

Let M^gj ® Mlq be the representation space of GL„(F^gj x F^^) decomposing into 
the direct sum of subbisemimodules representing its conjugacy classes as it will be 
seen in section 2.1.3. 

Then, GL{Mii^ (g) Ml^) constitutes the 2n-dimensional equivalent of the product 
VF^^ X Wp''^ of the global Weil groups and the bilinear algebraic semigroup G*^^"^ (F^Je ^ 
Foj(s) becomes naturally the 2n- dimensional (irreducible) representation space 
(Irr) Repg."J^^^(W^«^ x W^^J of {Wf^ x W^^J . The isomorphisms [Bor2]: 

. G'(2-)(F^xFj, 
. GL„(F^ X F^) , 



iaig : GL^{F^ X F^) 
iaut : GL(Mr®Ml) 
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leading to the (irreducible) representation 

(Irr) Repg;) {Wf^ x W^^) : GL(M^^ ® M^J > G^'^\F^^ x F^J , 

implying the injective homomorphism: 

aRXaL-. W^'^ X W^'^ > GK{F^^ x F^J 

as announced precedingly. 

• So, the main purpose of chapter 2 will consist in introducing the bilinear algebraic 
semigroup G'''^"-'(F^x F^) and in showing how it can be cut into conjugacy (bi)classes 
under the actions of Heckc operators. On these basis, nonabelian global class field 
concepts will be taken up. 

2.1.2 Notations 

The developments of this chapter will concern complex (algebraically closed) symmetric 
extension semifields F^ and Fr of a global number field k , taking into account that the 
"real" case can be handled similarly. 
Let then 

j=l j,mj ■< 

(resp. = ® ® % ) 

3=1 j,mj ■> 

denote the sum of the left (resp. right) complex pseudo-ramified basic and equivalent 
decompositions of the semifield Fl (resp. Fr ) at the set of complex places uj (resp. uj ) 
as introduced in section 1.1.6 and let 

(resp. F-=®F,^. ©F- ) 

j=l j,mj J 

denote the sum of the respective pseudo-unramified extensions. 

2.1.3 The general reductive bilineeir algebraic semigroups 

a) • If we refer to the introduction, the Gauss bilinear decomposition of the algebraic 
bilinear semigroup of matrices GL„(Fr x Fl) over the product of the extension 
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semifields Fr and Fl can be developed according to: 

GL„(F^ X h) = T^{Fr) X Tn{FL) 

= [D^{Fr) X UT^{Fr)] X [UT^{Fl) X D^{Fl)] 

in such a way that 

T„(Fi) : Fl > T^^^\Fl) 

(resp. T'^Fr) : F« . T^'-\Fr) ) 

can be viewed as an operator sending F^ (resp. Fr ) into the affine semispace 
T^'^^)[Fl) (resp. T^'^''\Fr) ) of dimension 2n . 

If Fl (resp ) denotes the set of equivalence classes of the completions asso- 
ciated with Fl (resp. ), then we have the commutative diagram: 

Fl T(^^\Fl) Fr FP-)(F^) 

^ resp. ^ 

Fl T^^^^Fl) Fr T^''''\Fr) 

where T^'^''\Fl) (resp. T^'^''\Fr) ) is the locally compact linear complete semi- 
group isomorphic to T^'^"'\Fl) (resp. T^^^'^Fr) ). 

• The question which arises now consists in knowing in what extent the generation 
of the affine semispace T^'^''\Fl) (resp. T^^''\Fr) ) from the "action" of the 
group of upper (resp. lower) triangular matrices F„(.) (resp. T*{.) ) on the 
semifield Fl (resp. Fr ) corresponds to the "cross action" of the group of upper 
(resp. lower) unitriangular matrices UTn{.) (resp. UT^{.) ) by the group of 
diagonal matrices Dn{.) . 

The response lies on the existence of a lattice decomposing the semifield Fl 
(resp. Fr ) into conjugacy classes which are in one-to-one correspondence with 
the places of Fl (resp. Fr ) in such a way that, at each place ujj (resp. uJj ), 
we have a basic completion F^. (resp. F^j^ ) and a set of equivalent completions 
{Fojj,mj}mj^o (resp. {F^^^.^^ j^^.^o ) as developed in section 1.1.5. 

• Let then Fj^ (resp. F;,^ ) denote the subfield of Fl (resp. Fr ) composed 
of the extensions which are in one-to-one correspondence with the set {F^j}j 
(resp. {Fjjj.}j ) of basic completions of Fl (resp. Fr ) and let F^g^ = Fl\ Ff,^ 
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(resp. Feqjf = Fr \ Fi,^ ) denote the subfield of Fl (resp. Fr ) being in one-to- 
one correspondence with the set of equivalent completions {Fu,j„^.}mjj^o (resp. 

Then, the "action" of (resp. T^{.) ) will clearly correspond to the " cross 
action" of UT^{.) (resp. UT^{.) ) by D^{.) if: 

— Dn{.) acts on the basic subfield (resp. ); 

— UTn{.) (resp. UTl^{.) ) acts on the complementary subfield F^.^^ (resp. 

By this way, the diagonal group -D„(.) generates an affine subsemispace 

T(2'^)(FfeJ C T^^''\Fl) (resp. T(2")(Fb^) c T(2")(F^) ) in one-to-one corre- 
spondence with the set of basic conjugacy class representatives of T^'^'^^F^) 
(resp. T*^^"'^(Fr) ), generated from the set of basic completions {Fi^^}j (resp. 
{Fzj.}j ), while the unitriagonal group UTn{.) (resp. UT^{.) ) generates an affine 
subspace T(2«)(Feg^) c T^'^''\Fl) (resp. T(2«)(Feg^) c T^'^"\Fr) ), complemen- 
tary of T(2^)(FbJ C T^'^'^\Fl) (resp. T(2")(F5^) c T^^'^KFr) ), in one-to-one 
correspondence with the set of equivalent conjugacy class representatives of 
T*^^")(Fl) (resp. T*^^"^(Fr) ), generated from the set of equivalent completions 
(resp. {F^j,^,}mjjto )• 

So, we can state more precisely that: 

Tnih) - UTn{F,J X Dn{F,,) 

(resp. T^{Fn) = L'„(F,J x UT^{F,,) ) 

where: 

Fl = Fb^ U Fe,^ (resp. F^? = F^^ U Fe,^ ) , 
but, the standard easier notation 

T„(Fi) = f/T„(Fi) X Dr^ih) 
(resp. T„(Fr) = D„(Fr) x UT;^{Fr) ) 

will be commonly used in the following. 
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We can then summarize all that in the diagram: 



f/r„(-) 



T„(-) 



(the right case being handled similarly). 

Let Bl and be two division semi algebras of dimension 2n respectively over 
the centers and -Fr such that B^i be the opposite division semialgebra of 
Bl ■ Similarly, let B^^ and Bj^j denote two division semialgebras of dimension 
n respectively over F^^ and Fjj . If we fix an isomorphism: B^^ ~ Tn{Fi^) (resp. 
Bjj ~ Tl{F^) ), where Tn{F^) (resp. T^{FJ) ) denotes the matrix algebra of 
upper (resp. lower) Borel triangular matrices, then we have that: 

B^^B^c^ Tl{F^) X r„(F^) = GL„(F^ x F^) . 

GL„(Ftj X F^) thus is a reductive bilinear general complete semigroup of invert- 
ible n X n matrices over Fjj x F^^ having its representation space given by the 
tensor product Mr®Ml of a right 2n-dimensional S^^scmimodule Mr by a left 
2n-dimensional i3(^-semimodule so that is provided with a left action of 
Tn{FiJ) while Mr is provided with a right action of T^{F^) . 

We could also consider the bilinear complete semigroup GL„(Fj^^ x F^^^) over 
product, right by left, of sums of complex pseudo-ramified completions Fj^^ — 



1 



and 



Its representation space is given by the tensor product Mr^ Cg> Ml^^ of a right n- 
dimensional Tl:^{Fu^)-semimod'a[e Mr^ by its left equivalent T„(Ft^^)-semimodule 
Ml^ in such a way that Mr^ ® M^^ decomposes according to: 

Mr^ ®Ml^=®® {M^ ® M ) 

J rrij ■' ■' 

where M^.^^, (resp. M^.,^, ) are S^^^ .^^-subsemimodules (resp. S^^^ .^^-subsemi- 
modules) . 
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This decomposition is a consequence of the decomposition of F-i^^ x accord- 
ing to: 

• Similarly, the bilinear general complete semigroup of matrices over the product 
A ^ X A ^ of infinite adele semirings is given by: 

GK{A% X A - ) = T*(A- ) X T„(A- ) 

and verify 

Sa- ® Sa^^ ~ GL„(A- X A - ) 

where B^oo (resp. Sa°° ) is a division semialgebra of dimension n over the 
adele semiring A ^ (resp. A ^ ) . 

Its representation space is given by the tensor product Mr^ (g) Ml^ of the 
T„(A^)-semimodule by the T*(A^)-semimodule Mji^ which decompose 
respectively according to: 

Ml^ = n and Mr^ = n M^.^ 

jp jp 

where M^.^ (resp. Afe^^ ) is a 2n-dimensional _B(^^,^-subsemimodule (resp. -Baj^^- 
subsemimodule) on the jp-th Archimedean prime complex place uoj^ (resp. Zuj^ ) 
in the sense of section 1.1.6. 

• The pseudo-unramified case can be introduced similarly. Indeed, let B^"^ and 
B^^ denote two division semialgebras of dimension 2n respectively over the sums 
F^^ and F^'' of pseudo-unramified completions of the semifields Fl and Fr . 
Fixing the isomorphisms: S^'' ~ r„(FJ^O and ~ T^iF^'') , we get: 

® 5J ~ T*(F-) X r„(F-) = GL„(F- X F^) 

and GLn{F^'^ x F^^) has for representation space the tensor product ®M^^ 
of a pseudo-unramified right S^''-semimodule M'^ by its left equivalent M^^ . 
The bilinear general complete semigroup of invertible matrices over the prod- 
uct AJ^°° X K'^p'°° of pseudo-unramified infinite adele semirings is given by 
GL„(A^^°" X Kjf^) and verifies: 

B^j^ ® Sa-- ~ GL„(A X kjf^) . 
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2.1.4 Proposition 

a) Any matrix gn{Fwj x F^^j) £ GLn{Fij x F^^) , restricted over the product Fjjj. x F^. of 
the completions F^^. and F^. , has the following Gauss bilineeir decomposition; 

X F^.) = [{dn{F^j) X dn{F^j)] x x m„(F^.] 

where 

• dn{F^.) e Dn{F^) is an element of the group Dn{F^) of diagonal matrices of 
order n . 

• Un{F^.) e UTn{F^) is an element of the group UTn{F^) of upper unitriangular 
matrices. 

b) The representation space {Mr ® Ml) of Qhn^F-uj x F^) is (hi)-homomorphic to the 
representation space Mr^ ^ Ml^ ofGLn{Fzj^ x F^^) and to the representation space 
Mr^ ® Ml^ o/GL„(A^ X A^) as it can be figured in the commutative diagram: 

GK{F^ X F^) > GL„(F^g, X 

Mr^Ml 
Mr^ ® Ml^ 




Proof: 

a) The Gauss bilinear decomposition of gn{Fzj^ x F^^.) is an evident and natural gen- 
eralization of the classical Gauss linear decomposition of the elements gn{F) of the 
general linear group GL„(F) where F denotes a number field. 

The diagonal {Bzj. (E) i?tjj)-subbisemimodules Mu- M^^. correspond to the diago- 
nal representation space of Dn{Fjj x F^) , while the off-diagonal {Bzj^^, (8> B^.^_)- 
subbisemimodules Mtjj. ^,®M^J. ^, correspond to the off-diagonal representation space 
of GL„(F^ X F^) . " ' 
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Thus, the off-diasronal subscmimodules Mjj. ® M^, are obtained from the diago- 
nal subbisemimodules under the ofF-diagonal nilpotent action of UT^^Fjj) x UTn{F^) . 

b) As GLniF^j^ X F^^^) and GL„(A|?. x A^) are bihnear subgroups of GL„(Fi^ x F^^) 
by construction according to section 2.1.3, the homomorphisms: 

: Mr^Ml > Mr^®Ml^ and : Mr® Ml > Mr^®Ml^ 

on their representation spaces follow directly. 
On the other hand, the isomorphism 

i/e-® : Mr^ (8) Ml^ > Mr^ ® Ml^ , 

which is postutalcd, results from the equality between the developments in series and 
in Eulerian products of the associated L-functions. ■ 



2.1.5 Corollary 

1. The GLn{F[jg^xFi^g^)-bisemimodule Mr^^Ml^ and the GLn{A'^_xA'^^)-bisemimodule 
Mr^ ® Ml^ are representation spaces of the bilinear complete semigroup GL„(F^7 x 
F^) . 

2. The GL„(Ff^ x F^^)-bisemimodule Mr <S) Ml is a representation space of the bilinear 
algebraic semigroup GL„(A^ x A^) . 

Proof : 

1. Part 1. of the corollary results from the homomorphism: 

GL„(F^ x F^) . Mr ® Ml > Mr^ ® Ml^ 



Mr^ (8) Ml^ 

2. Part 2. of the corollary results from the homomorphism: 

GL„(A^^xA^J . Mr^(^Ml^ > Mr® Ml 

3. and so on. 
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2.1.6 Linear and bilinear algebraic (semi)groups 

Let = FijjU denote the set of extensions decomposing the algebraically (closed) 

symmetric splitting field F — FrU Fl . 

Let GL„(Fjx7_^;) denote the group of invertible nxn matrices with entries in Ftjj-^ . Then, 
the algebraic general linear group GL„(Fjj_^) has for representation space a vectorial space 
W of dimension An^ isomorphic to (-FoJ-a;)^"^ and has the Gauss decomposition: 

for any matrix gn{Fuj-uj^) e GL„(^_^) . 

On the other hand, let GL„(Fij x Fj) be the bihnear algebraic semigroup as introduced in 
section 2.1.3. It has the Gauss bilinear decomposition introduced in proposition 2.1.4. 
Then, the linear algebraic group GL„(Ffj_jj) and the bilinear algebraic semigroup are in 
one-to-one correspondence under the conditions of proposition 2.1.7. 

2.1.7 Proposition 

Let = FjjjVJF^ denote the set of extensions decomposing the algebraically closed 

symmetric splitting field F — FrVJ F^ ■ 

Let gn{Fuj_^^) = x UniF^jj^^.)) x dn{Fu_^.) be the Gauss decomposition of the 

matrix gn{Fuj-ujj) of the linear algebraic group GL„(Ftj_^^.) . 
And, let 

gn{h, X F^.) = [{dn{h,) X dn{F^,)] X K(F^,) X Un{F^,)\ 

be the Gauss decomposition of the matrix gn{Fu. x F^^ .) of the bilinear algebraic semigroup 
GK{F^ xF^) . 

Then, if we take into account the maps: 

a) u„{ ) > Un{F^j) , 

b) u^iF^-^.) , ul{F^.) , 

c) dn{F^-u,j) > dn{F^^) X , 

1. the linear algebraic group GL„(F^_tj) is in one-to-one correspondence with the bilin- 
ear algebraic semigroup GL„(Ft^ x F^) ; 

2. the A^n^ -dimensional representation space W of GLn{F^_J) coincides with the 4n^- 
dimensional representation space Mr ® o/GL„(Ft^ x F^) . 
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Proof: 

1. the maps a) and b) send the unipotent matrices tinl-^oj-wj) and ii^(Ftj_t^^.) , with 
entries in the completions of the symmetric sphtting field F , respectively in the 
unipotent matrices Un{F^.) , with entries in the extensions F^^. , restricted to the 
upper half space, and in the transposed unipotent matrices ul^{F^.) , with entries in 
the extensions Fi^. , restricted to the lower half space. 

2. the map c) sends the centralizer dn{Fjj^^.) of gniFn-uij) ^ GL„(Fjj_^) into the "bi- 
linear" centralizer dn{F^. x F^.) = dn{Fj^.) x dn{F^^) of the matrix gn{Fu. x F^.) e 
GL„(F^ X F^) . 

3. Consequently, the basis of the 4n^-dimensional representation space W of the "hn- 
ear" algebraic group GL„(Ffj_j^) must correspond to the basis of the 4n^-dimensional 
representation space Mr Ml of the bilinear algebraic semigroup GL„(Fjj x F,^) , 
which implies that W ~ Mr M^ ■ This means that the linear algebraic group 
GL„(Fnj_tj) is in fact in one-to-one correspondence with the bilinear algebraic semi- 
group GLn{Fi^ X F^) ■ ■ 

2.2 Lattices and Hecke algebras 
2.2.1 Mctximal orders and lattices 

Fix the maximal orders Op ^ of F^^ , Op - of F^ , Op„r ^ of F^^'^ and Op-^r ^ of F^'^ . 
Then, the equivalent of the maximal order A^^ (resp. K-uj ) in the division semialgebra B,^ 
(resp. Bijj ) is a pseudo-ramified 'L jN 'L -lattice in the left (resp. right) (resp. Bjjj )- 
semimodule M^ (resp. M^j ). Similarly, the equivalent of the maximal order A"^ (resp. 

) in B'^ (resp. B^ ) is a (pseudo-)unramified Z -lattice in the (pseudo-)unramified 
left (resp. right) (resp. )-semimodule MY (resp. M^ )■ 

Considering the decomposition of F,^ and into pseudo-ramified completions and of 
FJY and F^'' into pseudo-unramified completions according to section 2.1.2, we have the 
expected decomposition of the pseudo-ramified Z/A^ Z -lattice A^^ (resp. A^^ ) into: 

A^ = © © K (resp. A^ = © © k-^ ) 

where A^^.^, ~ Ob^. is a (pseudo-) ramified sublattice in the 5^^^. ^.-subsemimodule 



44 



In the (pseudo-)unramified case, we have the similar decomposition of the pseudo-unramified 
Z -lattice A^*" (resp. K^^ ) into: 



a;:'- = ® © K]^. (resp. = © © A^^, ). 

J nij ■" 3 J nij ■" J 

On the other hand, we can fix the isomorphisms: 

A, ~ T^{Of,^) (resp. A^ ~ T^{Of,u>)) 

and AZ' ~ TniOFnr,^) (resp. A^^ ~ T^{OFnr,^) ) 

for the pseudo-ramified and pseudo-unramified lattices. 

2.2.2 Proposition 

Let and A^ be pseudo-ramified Z /N Z -lattices and A™' and A^^' be the corresponding 
pseudo-unramified Z -lattices as introduced in section 2.2.1. Then, the pseudo-ramified 
bilattice Ajj ® A^^ in the Bjj (g) B^-bisemimodule Mr (g) 

• verifies: 

A^^A, ~T^(0^,^) xT„(Of,,) 
~ GK{Of,z, X Of,^) . 



has the decomposition: 



Aa7®A^ = ©©(Az^,„. ®A 



into subbilattices A^^. (g) A^. 



And the pseudo-unramified bilattice A^ A^ in the B^^ (g) B"^^ -bisemimodule M'^ (g) M'jf 

• satisfies: 

A- ® A- ~ T^iOFnr,^) X Tr^iOFnr,^) 

• has the decomposition: 
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2.2.3 Proposition 

Consider that GLn{OF,uj x Of,uj) has the following Gauss bilinear decomposition: 
(see section 2.1.3). 

Then, the nilpotent action of [UTn{OF,aj) x UT^{OF,uj)] on [Dn{OF,oj) x Dn{OF,oj)] generates 
the off-diagonal subbilattices Aj^. ^ . (g) A^^ ^ ^ equivalent to the basic subbilatice Ajjj. mn 

J> j j> j J ' 

Aa;,-,mo = ^u>j ® foT cvcry l<j<r. 

Proof: This is a direct consequence of the generation of equivalent completions F-^^^^ x 
^ from the basic completion F-j. ® F^. by the action of the nilpotent group element 
'"w|,m| developed in section 1.1.5. ■ 

2.2.4 Definition: global decomposition groups and Probenius automorphisms 

1. Let gn{Ow^ X O^.) = [dn{0^.)-dn{0^^)\ [un{0^.)-Un{0^^)*] denote the j-th component 
of GL„(Of,^ X Of,^) . 

The nilpotent part [un{0^.) -UniOtjj.y] of gn{Otjj. x Oi^.) is interpreted in the pseudo- 
ramified case as the element of the decomposition group of the j-th bisublattice in 
{Mr(S>Ml) ■ The decomposition group element referring to the (j, mj)-th bisublattice 
is denoted Dp.„^^^ and has a representation given by 

Dj2.^ ^ acts on the split Cartan subgroup element Q;„.j2 = dn{Oj;j.) ■ dn{Oujj) and is 
unimodular. 

Let det{Dj2.rn^^ ■ a^.^-a),, ~ ■ A^^" . (m^^))^" = j^" ■ iV^" • (m^^))^" be the 

determinant of the semisimple form of Dj2.,^ ^ ■ a^-p where: 

• 2n is the dimension; 

• the cardinality = ^uJj x ^cuj of the j-th quadratic place cu^ is equal to 

• (m*^-^-* • A^)^" is the rank of an irreducible quadratic complex completion according 
to section 1.1.4. 

Indeed, ~ Ol?;^ and A^:, ~ 0% . 
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Then, the unimodularity of the decomposition group Dji.jn,^ leads to: 
Dp-m.2 '■ det(Q;2„;j2) — det^Dp.^,^ ■ (y-in;p)ss ■ 
2. in the pseudo-unramified case, i.e. when N = 1 have that 

. det(Frob,.;^^, -aZ.,.) = f " , where a^^ = • d^m^) ; 

• Frobj2.^.2 : det(a;;!'^.2) det(a;;!^^.2 • Frobj2.„.J,^ . 

2.2.5 Proposition 

LetGLn{1j /N (resp. GL„(Z)^) ) be the "pseudo-ramified" (resp. "pseudo-unramified") 
general bilinear semigroup of matrices of order n with entries inTL j N TL (resp. Z ). 
Then, TiRxLin.) (resp. 'H'](^j^{n) ) will denote the pseudo-ramified (resp. pseudo-unramified) 
Hecke bialgebra generated by all the pseudo-ramified (resp. pseudo-unramified) Hecke biop- 
erators {Tji{n; r) ® 7L(n; r)) (resp. {T'^£{n; r) ® T£^{n; r)) ) having a representation in the 
subgroup of matrices o/GL„(Z /N Z)^) (resp. GL„(Z)^) ),l<j<r<oo, the index j 
varying. 

Proof : 

1. A left (resp. right) Hecke operator TL{n;r) (resp. Tuin^r) ) is a left (resp. right) 
correspondence which associates to a left (resp. right) lattice A^^ (resp. Kjj ) the 
sum of its left (resp. right) sublattices A^^. (resp. Aj^^. ) of index j and multiplicities 
m^-^^ = sup(mj) : 

TL{n]r) K = ® e A^.^. 

(resp. TR{n-r) ^ ® ® Aj,^ ^. ). 

A Hecke bioperator Tji{n;r) (8) TL{n;r) is then defined by its action on the pseudo- 
ramified bilattice A^^ (8) A^^ 

{Tii{n;r)(^TL{n;r)) (A^ ® A^) = © ©(A^.„,. ®A^.,„.) . 

j=l rrij ^ ^ 
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According to proposition 2.2.2, we have 

A^ ~ GKiOF,w X Of,o,) 

such that 

where Or, (resp. ) is the maximal order Ofu (resp. Ofuj ) restricted to 

j ) "T-j j,mj ^ 1 \ J- ) / 

the extension F^.,^, (resp. -F(Z7,_^^. ) ■ 

Remark that the entries oi qniOp- xOp, ) are integers of (Ftj. x ) and 
the eigenvalues of QniOp-,^ x Op^.^) are algebraic integers. 

The bisublattice A^- (8)A(^,. corresponds to the coset representative g„(C'F- x 
Op^^ ) of GL„(Oi?jj x Opu!.) , which involves that gn{Op-, x Oj?^. ) can be 
chosen as a coset representative of the tensor product of Hecke operators [Lang]. 

2. Indeed, the ring of endomorphisms of the (Z / N Z )^-bilattice A^^ x A^^ is generated 
over {Z /N Z )^ by the products (7}^ (8) Tj^) of Hecke operators T^-^ and T^^ for the 
primes j \ N and by the products (C/,-^ (8) C/j^) of Hecke operators C/^^ and Uj^ for 
j I [M-W]. 

The coset representative of C/j^ , referring to the upper half space, can be chosen to 
be upper-triangular and given by the integral matrix 



of r„(c»i.,j cr„(z/Arz) 



such that: 

• jnt, = mod A^ , 

• &2jv = A^ , 

• ii^ X • • • ~ r-N'^-im^^)^ such that (/^, -^J^-AT^" ~ f^.N^^-{m^^^) 
(see definition 2.2.4), 



AT ^2 AT 



■ 62 







ITI AT 
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Similarly, the coset representative of C/,-^ , referring to the lower half space can be 
chosen to be lower triangular and given by the integral matrix tl^.j^^^ = tl^{OF^.^ ) 
of T^{Of,lo) , i-G. by the transposed matrix of tn;j,mj ■ 

So, the coset representative of {Ujj^ x Uj^) will be 

9n{OF^,,^^ X Of^^^J = 4^,.^^ X t„.j,^^ e GK{Of,^ X Of,.) C GL„((Z/7V Zf) . 

Note that o JOf- x ) has the Gauss decomposition in diagonal and nilpo- 

tent part so that the nilpotent part is given by u^iPF^. ) x xi}-J^Of-. ) and consti- 
tutes an element of the decomposition group -Dj2.^2 of the corresponding bisublattice 
(Ajj. . ® A^^. .) as introduced in definition 2.2.4. 

3. The pseudo-unramified Hecke bioperator T'^{n; r) ® T£'^{n; r) can also be envisaged 
throughout its action on the pseudo-unramified bilattice ® A"'' : 

rr(n; r) ® T^^n; r)) (A^ ® A-) = © © (A^^. ® K]J 

such that: 

(AS;„^ ® A^:^.) - ^n(C,.n. X OF^r ) e GL„(0^„.,^ x O^n.,,) c GL„(Z^) . 

The pseudo-unramified correspondent Lf^^ (resp. t/™" ) of the coset representative 
of Uj^ (resp. f/j^ ) is an upper (resp. lower) triangular integral matrix tn{OF^r ) 
(resp. ti{OFnr ) ) of T„(C>Fn.,,) (resp. r„(C>i.n.,^) ) c T„(Z) (resp. T^(Z) ). 



2.2.6 Proposition 

The Hecke bialgebra HuxLin) (resp. T^^xlI^) ) endomorphisms of the pseudo- 

ramified (resp. pseudo-unramified) (g) B^-bisemimodule Mr (g) Ml (resp. B^^ ® -B"*"- 
hisemimodule M^ ® M^^ ) is generated by the pseudo-ramified (resp. pseudo-unramified) 
Hecke bioperators {Tji{n; r) ^ Ti^n; r)) (resp. {T^^ {n; r) ^ {n; r)) ) having as represen- 
tation GK{{Z / N Zf) (resp. GL„((Z)2) 

Proof : as Aij (g) A^^ is a pseudo-ramified bilattice in the B^ (g S^^-bisemimodule Mr (g Ml 
and as the decomposition of the 5a;(gSj^-bisemimodule Mr® Ml into the set of Bj^j.^B^.- 
subbisemimodules Mjjj.®M^. having multiplicities ruj is obtained through the action of the 
Hecke bioperator {TR{n; r) (g TL{n; r)) , it is immediate to check that {TR{n; r) (g Ti(n; r)) 
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has a representation in the bihnear congruence subgroup GL„(Z j N TiY) 
The pseudo-unramified case can be handled similarly. 



2.3 Lattice semispaces 

2.3.1 Definition: pseudo-ramified lattice semispaces 

The space X = GL„(]R)/ GL„(Z) corresponds to the set of lattices of M" . In this 
perspective, if Fl (rcsp. Fr ) denotes a complex symmetric splitting semifield (see section 
1.1.4), we shall introduce a left (resp. right) (pseudo-)ramified lattice semispace: 

Xs,^Tr.{h)/T^{'L/NZ) (resp. = r^(Fi)/r^(Z /TV Z ) ) 

isomorphic to the left (resp. right) (pseudo-)ramified i^^j-semimodule Mi (resp. B— 
semimodule ) such that the left (resp. right) cosets of Xs^ (resp. ) are iso- 

morphic to the left (resp. right) pseudo-ramified 5a,^.-subsemimodules M^^. (resp. B^;J.- 
subsemimodulcs M^j. ). 

Consequently, we can define a pseudo-ramified lattice bisemispace 

Xs^,, = gk{Fr X h) I GL„((z In Z f) 

isomorphic to the pseudo-ramified Bjj ® i?i^-biscmimodulc ® Ml . 
As the left (resp. right) pseudo-ramified lattice semispace (resp. ) is defined with 
respect to the matrix algebra T„(Z /X Z) (resp. T^(Z /'X Z) ) in one-to-one correspon- 
dence with the pseudo-ramified left (resp. right) lattice A^^ (resp. A^^ ), X^^ (resp. X^^ ) 
is a left (resp. right) Hecke lattice semispace. 

Similarly, the lattice bisemispace X^^^^ is a pseudo-ramified Hecke lattice bisemispace 
since GL„(Z /X Z) is in one-to-one correspondence with the bilattice Aj^jxa; = A^^ x A^^ . 

2.3.2 Definition: pseudo-unramified Hecke lattice semispaces 

A left (resp. right) pseudo-unramified lattice semispace: 

= T^iFD /Tn{^ ) (resp. XJ^ = r*(F-) /r*(Z ) 

can similarly be introduced; it is a left (resp. right) pseudo-unramified Hecke lattice 
semispace isomorphic to the left (resp. right) pseudo-unramified i?™'-semimodule M^^ 
(resp. B^'-scmimodule M''^' ) verifying M^f C Ml (resp. C Mr). 
A pseudo-unramified lattice bisemispace 

XsL. = GL„(F- X Fr)/GL„((Z^)) 
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can also be defined: it is a pseudo-unramified Hecke lattice bisemispace isomorphic to the 
pseudo-unramified B^^ ^^''-bisemimodule M^^ (8) M£'' . 

2.3.3 Proposition 

a) Any left (resp. right) coset 

XZiK]) = tn{F-;) /t^O^sj) (r-esp. X^^{F^]) = t^F^Jf /tn{Op^ry ) 

o/X^^ (resp. ) having a multiplicity one is a left (resp. right) pseudo-unramified 
Hecke lattice semisubspace having a rank equal to j^" if f,^. = j . 

b) the product X^;^ x FJ^O = g^FS^ x F-)/(?„(0^n. x Op^r) of a right coset 

X^^(F^J) by a left coset X^^(FJJ) having multiplicities one is a pseudo-unramified 
Hecke lattice bisemisubspace having a rank equal to j^" . 

Proof: 

a) The left (resp. right) pseudo-unramified Hecke lattice semisubspace X^^(F"J) (resp. 
X^^(FjJJ) ) is isomorphic to the pseudo-unramified left (resp. right) i?"J-subsemimo- 
dule (resp. i?^J-subsemimodule Mj^J ) which has a rank equal to the n-fold 
product of its global class residue degree f^. = [F^J : ki] = j (resp. fuj = [F^J : 
^r] = j )'i so, we have that the rank of Xg^^{F^'^. ) (resp. Xg^^{F^'^. ) ) is equal to j^" . 

b) the pseudo-unramified Hecke lattice bisemisubspace X^]^^^(F^J' x F^J) is isomorphic 
to the pseudo-unramified S^J(8)-B^J-subbisemimodule M^J^M^J having a rank equal 
to i^" . . 

2.3.4 Proposition 

Let f^J. = j denote the global class residue degree of the j-th place having multiplicity 

a) The pseudo-unramified B^^ (8) B'^^ -bisemimodule M'^ (g) has a rank given by: 

b) the pseudo-ramified Bjj ® B^-bisemimodule Mr ® has a rank given by: 
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2.3.5 Summary 

The preceding developments can be summarized as follows: 
Let 

• Aj^® be a (Z/iV Z )^-bilattice (pseudo-ramificd) ; 

• A^^ (8) A^^ be a Z ^-bilattice (pseudo-unramified) ; 

• M^^ (8) be a GL„(F^'' x FJ^^)-bisemimodule (pseudo-unramified) isomorphic to 
the pseudo-unramified lattice bisemispace Xg'^^^ ; 

• Mr Ml be a GL„(Ftj x Ftj)-bisemimodule (pseudo-ramified) isomorphic to the 
pseudo-ramified lattice bisemispace Xsj^^^ ■ 

Then, the following commutative diagram is evident: 

A^^®A2^ ^ A^OA^ : bilattices 

---> 

pseudo— -i- 
ramification 

MJ®M£'' ^ Mr® Ml : GL„(Fi"''^ x Fi"''^)-bisemimodules 

where 

• the vertical arrows stand for injective morphisms from bilattices to Ghn{F^^^ x 
Fi"*^-* ) -bisemimo dules ; 

• the horizontal arrows stand for pseudo-ramification injective morphisms. 

2.4 Representations of global Weil groups 

2.4.1 Nonabelian global class field concepts: a summary 

1. Let G'^^'"-\F\jxF^) , GLn{F\jxF^) and GL(M/j(g)Mi) denote respectively the bilinear 
algebraic semigroup over {Fjj x F^^) which is a bilinear affine semigroup, its bilinear 
algebraic semigroup of matrices and the group of automorphisms of [Mr® Ml) which 
are isomorphic: 

^('"^(F^ X F^) ~ GL„(F^^ X F^) ~ GL{Mr ® Ml) 
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according to section 2.1.1: this implies the choice of a basis in Mr ® Ml , which is 
evident from its construction from (F^j x F^J) . 

The diagonal conjugacy classes of G^'^"'\Fu x F^J) , noted g'^^iXi-.^j = 0] , then 
correspond to the Bj^^ ® -Bt^^-subbisemimodules M^^. M^^. and their off-diagonal 
equivalents g'^^Lij-i'nij] , rrij > , related to the multiplicity m^-^-' = sup(mj) of 
fiixib'^^j = 0] ' correspond to the ® 5^^,^^, -subbisemimodules Mjj^ ,^^, (g)M^^ : 

they arc obtained from {Mr (g) Ml) by the action of the Hecke bioperator TR{n; r) (g) 
TL{n;r) . 

As G^'^'^\F}jX Fij) is a smooth reductive bihnear affine semigroup, it can be considered 
as the n-dimensional analog of the product (S ^ x S of the one-dimensional affine 
complex semigroups and , introduced in section 2.1.1, we have that: 

G(2")(F^xFj~n(§^x§i). 

n 

Similarly, GL{Mji^ ® Ml^) can be viewed as the n-dimensional correspondent of the 
product VT^fl ^ of Weil global groups included in the product Gal(Fg'^/ k) x 
Ga\.{Fl'^lk) of the Galois groups as introduced in sections 1.1.7 and 1.1.9 which 
implies that: 

GL(Mk^ ® Ml^) ~ n{W^l X W^l) C n(Gal(F-/A;^) x Gal(Fr/A;i)) . 

n n 

2. Let us now introduce the normal bilinear algebraic semisubgroup P'^^'^)(F^i x F^\) 
of G^'^'^\F-uj X : its j-th class noted P^^"'^(Fjji x F^i) is defined over the product 
{F-^^i X F^i) of irrcdTiciblc central extensions F-^i and F^^i having a rank N ■ m^^'' , 
as given in section 1.1.5. So, P*^^"^(F^^i x F^i) has a rank equal to {N ■ m^-'^)^" . 
P(2n)(^_j X P^i) also acts on G'(2")(P^ x F^) by conjugation. 

Recall that the Galois subgroup of the irreducible extension P^i associated to the 
completion P^i is the global inertia subgroup Ip^, . 

More generally, let 

Foji = {Kl, ■•■ , F^l^^ , • • • , P^i} 
(resp. Fj^i = {F^i ■ ■ ■ , P-i , • • • , P-i} ) 

denote the set of pseudo-ramified irreducible extensions F^i and P^i of P^; and F^ 
respectively. 
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so: 



is the smallest bilinear normal pseudo-ramified subgroup of G^'^^\Fjj x F^) : it is the 
minimal parabolic subgroup viewed as the connected component of the identity in 
(7{2n) X on the Zarisky topology. 

3. Referring to the decomposition of the product, right by left, F^. x F^^. of the basic 
extensions F^^. and F^. into j' equivalent bisubextensions F_j/ x F j' , 1 < f < j , as 

well as the decomposition of the equivalent biextensions F^. x F^.^ into / equiv- 
alent bisubextensions F_ji x F y , we have that the j-th diagonal conjugacy class 

d^RxAii^j = 0] of G^'^"'\Fjj X F^) will be cut into j' equivalent diagonal conjugacy 
subclasses g'^^iXiifrij = 0,j'] and that the j-th off-diagonal equivalent conjugacy 
class fi'^^xib' ""^j] , "o^j > , will also be cut into j' equivalent off-diagonal conjugacy 
subclasses fl-fxib'' "^i'i'] A < f < 3 ■ 

So, the j-th diagonal conjugacy class g^R^iXi^rrij = 0] and its off-diagonal equivalent 
fi'Sib'^^i] , "^j > , is decomposed into a set {s-Sib'^ "^j>i']}j'=i f conjugacy 
subclasses gRxLU^^jJ'] ■ 

Then, we can state the following propositions: 
2.4.2 Lemma 

Let G^'^'^\F^x FJ) he a smooth reductive bilinear affine semigroup and let P^^''\F^i X F^i) 
be its parabolic subgroup viewed as a locally subgroup of G^^'^^F^ x Fj) . 
Then, it is clear that: 

1. at every (hi) extension corresponding to the (bi)place uJj x ujj of {FjjX F^) corresponds 
a conjugacy class of G'''^^\Fjj x F^) whose number of representatives corresponds to 
the number of equivalent completions of Zuj x cuj . 
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Fjjx F^) acts on P'^'^'^\F^x F^) by conjugation in such a way that the number of 
conjugates o/P*^^") (Fj^i x F^^i) in G^'^'^^F^j. ^ , x F^^^ ) is the index of the normalizer 
of P('-\F^.x F^r) / 



where 



(^(2n) X F^^^^) is G^'^^\Fu X Fi_j) restricted to the conjugacy class repre- 



sentative g^^'^Lih 

NQ(n){P^'^''\F^ X K])) is the normalizer of P^'^''\F^ x F^i) restricted to the 
j-th irreducible subextension F^i x F^i ; 

j is the global residue degree of the j-th extension class ujj (or Uj ). 



m 



■ji ) 



Proof: 

1. As the bilinear affine semigroup G*^^"^ (F^j x F^) is assumed to be reductive, each 
conjugacy class representative of x F^) is isogeneous to a direct product of 

tori (or of simple groups). But, taking into account the projective toroidal compact- 
ification of the conjugacy classes g^^^\[j, mj] e G^'^'^^F^ x F^^) , introduced in section 
3.3, we shall assume that 5''-^"^^RxLb? ^j] is isomorphic to a direct product of tori, 
which is the product, right by left, of algebraic (semi)tori. 

So, X F^) ~ n(S)j X , which is the product, right by left, of algebraic 

n 

(semi)tori,is considered as the n-fold product of a right affine semigroup S localized 
in the lower half space by its left equivalent S \ localized in the upper half space. 

But, as G'^'^'^\F-^j X F^) is defined over the product Fj^xF^ , and as G^'^'^\F-uj x F^) is 
assumed to act on P(^"')(Fj^i x F^^i) by conjugation, a conjugacy class representative 
9RxL\j^'^j\ £ X F^) corresponds to the biextension F^^^.^^, x F^^^^ . Then, 

we have the injective morphism: 

Fg ■■ {h,,^, X F^^.^^J . {&\\j.m,] 

from the set of equivalent representatives F^j^, ^ x F^^^, ^ , associated with all places 
ujj X ujj of Fji X Fl , to the set of corresponding conjugacy class representatives 
^Sib,^.] of G(2")(F^ X F,) , such that n(F^,,^^ x F ) ^ . 
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2. G*^^") (F^n^, ^ , X acts on P^'^'^\Fjji x F^i) by conjugation, in the sense that, if 



p,, G P(^")(F^i) , p,, e P(2'^)(F^i) and x,^,^ G (F^.,.., ) , x,^,^ G , 
then the bielement Xg.^ ■ Xg^^ G S'^jxib'^j] ^^^^ ^® conjugate of the bielement 

On the other hand, as a extension F^^.^ (resp. Fj;j_.^ ) , is cut into j' irreducible 
equivalent subextensions F j' (resp. F_j' ) according to section 1.1.5, the conju- 

gacy class representative g^^^\[j, rrij] will also be cut into " j' " equivalent conjugacy 
class subrepresentatives S'^xl^; "^j^i'l > 1 ^ i' ^ J > with respect to 1. 
So, we have the corresponding injective morphism: 

> 9rxl ^j] = {9rxl [j, > j%'=i } ■ 

This implies that the conjugation of G^'^'^\Fj:j.^^, x F^.^^^) by P(2")(F^i x F^^i) sends 

the bielement Xg.^ ■ Xg.^ G fi'l^xib) "^i'i"] ■> ^ — j" ^ J • of the j "-th conjugacy class 
subrepresentative of g'^^iXii'mj] into the bielement x'g.^ ■ x'g.^ of the j'-th conjugacy 
class subrepresentative of g^R^Liji'nij] . 

Finally, the number of conjugacy class subrepresentatives of 5'ijxLb>"^i] exactly 
the number of conjugates of P(2") (F^ x F^i ) in ^(^n) ^ F^ . ^ . ) = g^^L \j. m^] . 

So the index of the normalizer iY^c^") (^^^"^ (% x K])) of P^'^"'\F^ x F^i) in 
(7(2n)(^_^^^ X F^^^ ) corresponds to the number of conjugacy class subrepresen- 
tatives of G'(2")(F^, xF^. ). 

Consequently, we have 

where j is also the global residue degree of the j-th biplace Uj xuj taking into account 
the inverse morphism F~} . ■ 



2.4.3 Proposition 

OrxlIj^ "^j] , 'iTiij ^ JN , ruj > Q , denote the j-th diagonal or off- diagonal conjugacy class 
representative of the bilinear algebraic semigroup G^'^'^\Fu x F^) and let S'^xl^) "^j'/l > 
^ ^ j' ^ j , be the j'-th conjugacy subclass representative of g^^^\[j,mj] . 
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Let D^'^"'\F-^ X F^) denote the bilinear algebraic semigroup G^^^'^F^ X F^) restricted to 
the product of the sets: 

■Pjj ~ {^ojn ' ' ' 1 -^LOj-i ' ' ' 1 ^ojr} and F^ — {i^j^, ■ ■ • , ■P'wji ' ' ' ■> Pwr} 

with rrij = . 
Then: 

1. thej-th equivalent off-diagonal conjugacy class representatives g^^^\[j, rrij] G G^'^"'\FuX 
F^) are generated from the diagonal conjugacy class representatives g^^i\j, ruj = 0] e 
£){2n)(^jpD ^ pD^ under the product of the actions x W^^ of the Weyl groups 
Wb andWp . 

2. the Weyl groups W^_ andW acting in a nilpotent way respectively on the j-th right 
and left diagonal conjugacy class representatives g^^"'^ [j, rrij = 0] and g^^f^ [j, rrij — 
0] G gRx^b^'^^j — 0] ^''^^ Coxeter groups Aj^i (and possibly Bj^i and Dj^i ). 



Proof: 

1. The equivalent off-diagonal conjugacy class representatives fi'^jxib' ""^il ' correspond- 
ing to the i?^ . ^ (g) 5^^, ^ -subbisemimodules M^j^. ^ ® M^^^ ^ according to section 



2.4.1, proposition 2.1.4 and definition 2.2.4, are isomorphic to the products, right by 
left, of 2n dimensional maximal semitori as it will be seen below. 

So, the generation of the off-diagonal conjugacy class representatives g^R^i\ji^i\ 
from the diagonal conjugacy class representatives S'^^xL^'^i ~ ^1 ' which are also 
isomorphic to the products, right by left, of 2n-dimensional semitori, is obtained in 
a classical way under the product Wp_ x W^^ of the Weyl groups. 

2. Prom point 2), it results that the Coxeter group (and Bj^i and -Dj-i ) is directly 
related to the integer j which corresponds to the number of equivalent conjugacy 
subclasses ^'i^^xib'^^j ~ 0,/] of the diagonal conjugacy class ^'i^^xL^'^^j — 0] ■ ■ 



2.4.4 Proposition 

Let 

Out(G('")(F^ X F^)) = Aut(G'('")(F^ x F^) j Int(G'('")(F^ x F,)) 

be the group of Galois automorphisms of the reductive bilinear algebraic semigroup 
G^^^'^F^ X F^) where Int(G(2n)(^_ ^ i?^)) denotes the group of Galois inner automor- 
phisms. 
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Let Aut(p(2«)(ir_i 

X F^i)) denote the group of the Galois automorphisms of the 
bilinear parabolic subsemigroup P^'^"\F^i x F^i) . 
Then, it is proved that: 

Int{G^^"\F^ X K)) = Aut(p(2")(F^i x F^i)) 

which implies that explicit irreducible 2n- dimensional representations exist: 

Rep?") : 7^, X If, > P^'''\F^^ x , 



RxL 



Rev%-' : IF, X IF, . p(-)(Fi? x Fj?) , 

from the product, right by left, of inertia subgroups to the corresponding bilinear parabolic 
subsemigroups where: 

• If, : (BIfo(BIf^ 

• IF = (BlpD according to section 1.1.7. 

3 "J' 



Proof: 



1. The bilinear parabolic subsemigroups P*^^")(F-i x F^i) and P*^^")(Pi^ x P^) are 
defined respectively over the products P^^i x P i and P^ji x P i of irreducible 
central extensions which constitute the set of fixed points respectively of the products 
Fw4^ X Pa;. and Ftj, x P^,, of the pseudo-ramified extensions of G'^'^'^HFjjj x F,.) . 

Then, the group of automorphisms Aut(P(^"'^(P;^i x Pc^i)) of the reductive bihnear 
semigroup P(^"^(Pa;i x F^i) is the group of automorphisms of the fixed points of 
G(2")(p^xP,) . 

Indeed, the map 

(7p(2n) : P^'^n^u^i X Po^i) , P('")(Pa,i X Pa,i) 

given by 

for aU xp^ e P(2")(P^i) , Xp, e P(2")(P,i) , 

is an automorphism of P(^")(P^^i x P^i) induced by pr G P*^^")(Pj^i) and pi G 
P(2")(p^i) , in such a way that (7p(2n) eAut(p(2")(P^i xP^i)) . 

Similarly, the map 

cr'^U, : G^^^\F^ X > G^^\h X Pj 
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given by 

"^Gt^") (PR ^9r Pl) = ^-qb ' ^Ql 1 

for Xg^ e G^'^'^\Fjjj) and Xg^ G G'(^"')(F^) , and verifying ■ Xg^ = x'^^ ■ x'p^ , 

is an inner automorphism of G^'^"\Fjj x F^^) induced by pji E P*-^"'^(F-ji) and by 

PL e P^^^'^F^i) , in such a way that a'^l,„^ = (7p(2„) for aj^t^™) e Int(G'(2")(F^ x F^)) . 

This leads to: 

Int(G'('")(^^ X F^)) = Aut(p(2")(F^i x . 

2. On the other hand, the bihnear parabohc subsemigroup 

p(2")(F^i X = r^(F^i) X r„(F,i) 

is constructed from the product of Borel subgroups T*(F^i) and T„(Ftji) which are 
solvable. 

And, as it is known [Ser2] that every solvable finite group is Galois, it is clear that 
Aut(P(^")(Fj^i X F^i)) constitutes the n-dimensional analogue of the product, right 
by left, of inertia subgroups. Finally, as Aut(P*^^")(-F^i x F^i)) is isomorphic to 
p{2n)('j7_^ X F^i) , the bihnear parabolic subsemigroup P*^^")(Pjji x F^i) constitutes a 
2n-dimensional representation Repj^'*^ of the product Ip^ x Ip^ of inertia subgroups 
in Gal(P^7fc) x Gal(P£7A;) . ■ 



2.4.5 Proposition 

Let P^'^'^\F^i X Fi^i) be the bilinear parabolic affine subsemigroup of the smooth reductive 
bilinear affine semigroup G^'^'^\FtjX F^^) . Then, P^'^'"\F^i x P^^i) can be considered as the 
unitary irreducible 2n- dimensional representation space of the algebraic bilinear semigroup 
of matrices GL„(Pt^ x Fj) . 

Proof: According to proposition 2.4.4, 

Int (^ur X F^)) = Aut(p('")(^^i X h^)) 

since we have: 

'^G(") ^PR "^Sfl "^dL Pl) = Xg^ ■ Xg^ , 

for pn e P^y{h^) , PL e P(2«)(P,i) , xg^ e G^'^^F^) , Xg^ e ^(^^"^(PJ . 

So, P^'^"-\Fjjj1 X P^i) is the bilinear isotropy subgroup of G^'^"'\F]j x P^^) since it is the 
subgroup fixing the bielements of G*-^"'-'(Pij x F^) . 

Consequently, P^'^^\F^i x F^^i) is a unitary representation of GL„(Pj^ x P(^) . ■ 
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2.4.6 Proposition 

Let D^'^'^\F^^ X F^^) denote the diagonal bilinear algebraic subsemigroup of G^'^'^\Fjjj^ x 
F,^^) . Then, there exist explicit irreducible 2n- dimensional representations: 

Repg:;) : Gal(F-/A;) x Gal(Fr/A:) . G^^-\h^ x F^J , 

■ GaP(F-/^) X GaP(Fr/^) > D('-\F^^ x Fj^) 

where F^ = ®F^^. (resp. F^ = 0Fj^. ) are constructed from F^^ (resp. F^ ) introduced 
in section 1.1.6. 

Proof: If a group G is quasi split, in the sense that it contains a Borel subgroup, then, 
the homomorphism 

Gal(Q/Q) > Out(G) = Aut(G') / Int(G) 

always exists [Art 3]. 

Transposed into a bilinear context for the bilinear reductive algebraic semigroup G'^'^'^^F^x 
F^) , this homomorphism becomes: 

Gal(F^7A;) x Gal(Fr/A;) > Out(G^^''\F^^ x F^J) 

where 

Out(G(2")(F^^ X = Aut(G(2")(F^^ x F^J) / lnt{G^'^\F^^ x F^J) . 

Indeed, as G^'^'^^F^^^ x F^^) is generated from the product of Borel subgroups which are 
solvable, it is of Galois type according to proposition 2.4.3. And, Aut(G(^")(Fj^^ x F^j^)) 
constitutes the 2n-dimensional analogue of the product Gal(Fg"^/ k) x Gal(F£"^/ k) of Galois 
groups. But, as the bilinear algebraic semigroup G^'^"\F^j^ x F^^) is pseudo-ramified, it 
is Out(G'^^"^(Ft^gj X F^gj)) which must be considered as the 2n-dimensional analogue of 
Gal(Fg7^) ^ Gal{Fl^/k) since Int(G'(2")(Fs;^ x F^J) = Aut(P(2")(F^i^ x F^iJ) according 
to proposition 2.4.3. 
So, 

Out(G(^")(F^^ X F^J) n(Gal(F«7A;) x Gal(Fr/A;)) 

n 

which implies the commutative diagram: 

Gal(F«7A;) X Gal(Fr/A;) > Out{G('^\F^^ x F^J) 




q{ '*)(Fj^^ X F^^) 



60 



Thus, as Out{G^'^'^\Fu^ x F^^^)) is isomorphic to G'-'^'^\Fu^ x F^^) , the irreducible 2n- 
dimensional representation Rep^^j''^ of Gal{F^'^/ k) x Gal(F£'^ / k) is given by the reduc- 

tive bihnear algebraic semigroup x F^e) ■ ■ 

2.4.7 Proposition 

Let 

~ac ~ac ^ ^ 

Wf^ X W^l = Gal(F^/A;) x Gal(Fi /k) c Gal(F^7A;) x G&\{Fl'/k) 

he the product of global Weil groups as introduced in definition 1.1.9. 

Then, the 2n- dimensional irreducible representation of the product of global Weil groups is 

given by: 

Irr W^^:l : W^^ x Wf^ . G^'-\h, x F.J . 

Proof: This directly follows from Rep^^i^j'', introduced in proposition 2.4.6, implying 

that F^^ and F^^ bear here on extensions characterized by extension degrees 
0? = mod N . m 

2.5 Trace formulas 
2.5.1 Lemma 

Let G^'^'^\Fjj x F^) he a reductive bilinear complete semigroup. As it is solvable, the set of 
its conjugacy classes forms an increasing sequence: 

(2n) r, i ^ (2n) r„ -, ^ ^ (2n) r . -, ^ ^ (2n) r -, 

characterized by the increasing ranks of their conjugacy class representatives g'^jxib'^j] > 
l<j<r. 

Proof: According to definition 2.3.1 and proposition 2.1.4, the pseudo-ramified lattice 
bisemispace 

Xs^,, = GL„(Ffl X Fl) I GL„((Z/7V Z)^) 

is homomorphic to the pseudo-ramified B-^^^ x S^^^-bisemimodule Mr^ ® developing 
(see proposition 2.1.4) as follows: 
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As the cosets of Xsj,^^ correspond to the conjugacy class representatives of G^'^''^'' {Fjj x F,^) 
and as (Af/? ® Ml) constitutes the representation space of GL„(F^ x F^^) , each conjugacy 
class representative 5'/jxLb' ""^il ^^'^^ ^ GLn{Fu.^, x F^^^. ^ )-subbisemimodule M^^^, 
M^.^, characterized by a rank Tt^ = (j ■ m^^^ ■ A^)^" according to proposition 2.3.4. 
If we consider the m^+i-th representative g^^^\[j + 1, iTij+i] of the (j + l)-th conjugacy class 
of G^^"-) (Ft^ X F^^) , we see that it has a rank given by 

which is superior to the rank ri^jxwj of g^^'^^b^ '"^i] • ■ 



2.5.2 Tower of sums of conjugacy class representatives 

Remark first that a conjugacy class representative g'^xib'^^j] G^^'^\Fijj x F^) is in fact 
a bihnear complete subsemigroup noted G'^'^'^MF^j. x F^. ) . Then, we can introduce a 
tower of embedded bihnear complete subsemigroups on G'^'^'^^F^^ x F^^^) : 

G^'-\F^, X C • • • C © © G^'-\F^ X F ) c • • • C © © x F ) 

j=l ruj ■' ■' j=\ rrij ■' ■' 

corresponding to increasing sums of conjugacy class representatives of G^'^'^^F^ x F^) . 

2.5.3 The bialgebra of bifunctions on G^^'^^F^ x F^) 

Now, we consider the set of all smooth continuous bifunctions on G^'^"'\F^; x F^) which 
is a bilinear complete semigroup. Consequently, we have to envisage the set G^^"-\f^) of 
smooth continuous functions (t^'cR^'^gR) > ^sr ^ G^'^'"-\Fu) , on G^'^"'\Fu) ^ T^{Fu) and 
localized in the lower half space as well as the corresponding set G^I^\Fi_j) of smooth 
continuous functions 002^^9^) ' ^ ^(^"^(F^) , on G'(^"^(F^) ~ Tn{F^) and locahzed in 
the upper half space in such a way that we have on G^'^^\FijX F^) the product G^'^^\F^^) x 
G^^'"\F^) of the tensor products 0G^'''(a;g^) ^^^"■'(xg^) of the smooth continuous functions 
'pGn(^9R) and . 

Gg"^(F^) (resp. Gf'\F^) ) is the coordinate (semi)ring A;[G'(2")(F^)] (resp. A;[G'(2")(F^)] ) 
of G'(2-)(F^) (resp. G^''^\F^) ). 

But, as G^^"^(Fij X Fj) is partitioned into conjugacy classes, we can consider bifunctions 
on the conjugacy class representatives of G^'^'^^F^ x F^) . 

So, let (f)'§fjxg.J®(t)^^f^{xg.J denote a bifunction on G^^n)^^. ^ F^.^.) . Then, the set 

of smooth continuous bifunctions {(pcj^^ajji ) ® 0Gj'*(2^aj^)}j=i on G^^"^(Fjj x F^,) forms a 
bialgebra 

G(2")(F^ X F,) = G(2")(F^) ® G(2")(F,) 
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where G^'^''\F^) is the coalgebra of G^'^''\F^) 



2.5.4 The bialgebras L'--^l{G^'^"'\F^ X F^)) and x F^)) 

The algebra (resp. coalgebra) G^'^'^\F^) (resp. ) is the set of all continuous 

complex- valued measurable functions on G^'^'^^F,^) (resp. G^'^'^\Fijj) ) satisfying 



L 



G(2")(F„) 



dxg^ < oo , 



(resp. 



'G(2")(Fs^) 

with respect to a unique Haar measure on G'(2")(F^) (resp. G'^^^'^F^) ): it is noted 

LliG^'^^KF^)) (resp. Li,(G(2")(F^)) ). 

The bialgebra G^^"-'(Fjj x F^) of all continuous complex- valued measurable bifunctions 



0, 



0g2^(x,J on G'(2")(F^ X F,) satisfying 



is also noted L]j-i^(G'(2")(F^^ x F^)) 
On the other hand, let 



d/CC dec *^ oc 



</'G?(^ffK) 



^Gi K-^gL, 

be the involution mapping each continuous function 4>%^{xgj^ e L\[G^'^'^\Fjj)) , re- 
stricted to the lower half space, to the corresponding continuous function 4>G^\xg^) E 
2,1 (G'(2«)(F^)) , restricted to the upper half space. 
Then, the involution: 



L^niG^'^^KF^)) X Ll{G^''\F^)) = L'^^,{G^'-\F^ x F^)) 
> Ll,dG'^'-\F^ X F^)) 



4'^ 



has the property that the continuous bifunctions (f) 



{2n), 



Gr y^9Rj 



,(2n). 



'Gl y^9L. 



e L],~^\{G('-\F^ 



X 



Fuj)) are transformed into the bifunctions 0^2^ (^Si 
satisfying 



G(2")(F„xF„) 



</'G?(^ffJ 
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dXg^ < OO . 



Thus, L|^^(G'(^")(F^ X F^)) is the standard space of square integrable continuous functions 
on X F^) restricted to the upper half space and defined with respect to a fixed 

Haar measure. 

2.5.5 Proposition 

The bialgebra (^'^^"^(FjjX F^) of smooth continuous complex-valued measurable bifunctions 
on the locally compact bilinear complete semigroup G^^"^(Ff^ x F^^) is composed of the 
increasing sequence: 

of these bifunctions in such a way that the j-th bifunction (t>%^\xg.^)®4lQ^\xg.^) is defined 
on the closed bilinear subsemigroup G^'^'^^F-^.^^, x F^^^^,) = fl'^xib'^j] corresponding to 
the j-th conjugacy class of G^'^'^^F^ x F^) . 

Sketch of proof : This results from lemma 2.5.1 and from section 2.5.3. ■ 



2.5.6 Proposition 

The bialgebra G^^'^^F^^ ^ F^J = L^Rxl{G^'^'^\F^^ ^ F^J) of bifunctions on G^'^^^F, 
Fuj^ ) is composed of a tower: 



X 



r 

c • • • c e 

3= 



of the partial sums of these bifunctions ® ^^gJ^^Sj^) ® ^%^\'^9jS) corresponding 
sums of conjugacy class representatives ofG^^'^^F^ x F^) . 

Sketch of proof : This is a consequence of the introduction of a tower of sums of 
conjugacy class representatives of G^'^'^^F^^ x F^^^) given in section 2.5.2. 
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2.5.7 The bialgebra L]^xLiG^^''HF'^'' X K"")) of bifunctions on the pseudo- 
unramified bilinear complete semigroup G^^'^\F^'^ x -F^^) 

Similarly, on the set of the conjugacy class representatives of the pseudo-unramified bilinear 
complete semigroup G^'^'^\F^'^ x F^^) , an increasing sequence 

of smooth continuous complex-valued measurable bifunctions can be introduced in such a 
way that they satisfy: 



L 



G(2")(Fj2'-xFJ^'-) 



Then, the bialgebra of these bifunctions on G^'^''\F^'' x FJ*") is written x F^^) 

or L^-;^(G(2«)(F-xF-)) ■ 

2.5.8 The bialgebra L^~\,(P(=^")(F^i x of bifunctions on the complete 

parabolic semigroup P^^'^^F^i X 

As P^'^^UF-ji X F^i) is defined over the products F-ji x F.i of the irreducible com- 
plctions of the completions F^-^^ x F^^^^ at all infinite places uJj x u;^ of Fr x F^ , a 
bialgebra L]^~^j;^(P*^^"'^(Fjji x F^i)) of smooth continuous complex- valued measurable bi- 
functions (f)p^\xp^ ) ® 4>p^\xp. ) , 1 < J < r , on p(^"')(Fj^i x F^^i) can be introduced in 
such a way that: 



dxp.^ dxp.^ < oo . 



Each bifunction (f)p^\xpj^) (g) (j)p^\xp.^) is defined on the irreducible equivalence class 
representative P*^^")(Fj^i x F^i ) characterized by a rank rp-,^^, — {N ■ m^-^^)^" . 
The normahzed rank r/Np_ of P^^^VFj^i x F^i ) is defined by: 



"3 ^^J 



A character on G^'^'^\Fjj x F^) is then defined to be a bifunction XjRy 



(f)p"'\xp. ) from the irreducible equivalence class representative P(^")(Fj^i x F^^i ) of 



' 3L 



^ ^^-j ^ having as normahzed rank r/j^p_ ^ , into (Z7 . 
And, the group of characters Xj^xi of P^'^''\F^i x F^i) is written X(P(2")(F^i x F^i), (C) . 
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2.5.9 Two types of trace formulas: an introduction 

Two kinds of trace formulas will now be developed [Kotl, Artl]. The first one is an 
adaptation of the Selberg- Arthur trace formula [Sel, Art2] of an operator associated with 
the quotient of a semisimple Lie group and a discrete subgroup in such a way that this 
operator corresponds to a unitary representation of the semisimple Lie group G{A) . 
The adaptation considered here concerns the trace of the operator associated with the 
bilinear parabolic semigroup P'^^")(F^i x F^^i) envisaged as the unitary representation of 
the complete bilinear semigroup GLn{Fjj x F^) . This operator acts by convolution on the 
bialgebra L]^J'^{G^'^"'\F-^'^ x F^'^')) of bifunctions on the pseudo-unramified bilinear complete 
semigroup G(2n)^^_nr ^ F"'') . As a result, this operator decomposes according to the 
unitary conjugacy classes of the pseudo-ramified bilinear algebraic semigroup G'^'^'^\Fjj x 
-F^) and the corresponding trace formula occurs in the bialgebra L^r^\{G^^''\F^^ x KJ) 
of bifunctions on G'''^''^\Fzj^ x F^^) . Notice that the complete trace formula referring to 
the set of irreducible representations of G*-^""-* (Fjj x F^) will be envisaged in chapter 4. 
Remark that a trace formula, being an operation of bilinear type since it refers to the 
matrix representation of an operator, is well adapted to the bilinear case considered here 
and, especially, to the second kind of trace formulas occurring directly in the bialgebra 
^Rxii^^'^^K-^'i^s) ^ -^ti)e)) of bifunctions on the pseudo-ramified complete bilinear semigroup 
G^'^'^\Fjj X Fij) . This latter case then leads to the Plancherel formula. 
Consequently, the two types of trace formulas correspond to each other. 

Let us now start with the first trace formula referring to the Arthur-Selbeg trace formula. 

2.5.10 Uniteiry representation of GL„(Fjj X -F^) 

Let GL„(Z^) be the discrete subgroup of the pseudo-unramified bilinear complete semi- 
group GL„(F^'' X FJ^) . We then consider the bialgebra L^^^^iGKiF^'' x FJ) / GL„(Z2)) 
of bifunctions ^^^r (x^J^ ) ® (pcn) (x^J^ ) on the conjugacy class representatives of GL„(F^'' x 
F^^) according to section 2.5.7. 

The conjugacy class representatives GLn{F^J^ x F^J^ ) correspond to the cosets of 
GL„(Fg'' X FY^)j GLn{1''^) in such a way that the space of these cosets is locally com- 
pact. 

On the other hand, let GL„(F^j- x F^) be the reductive pseudo-ramified complete bihnear 
semigroup of matrices and let x F^) — Mr (8) Ml be its representation space, 

i.e. a bilinear semigroup. Then, a unitary representation of GL„(Ftj x F^^) in this bilinear 
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semigroup G*^^"-* {Fjj x F^) is any unitary mapping: 

C/p(2„) : P('")(F^1 X F,i) . R(P^^^\F^i x F,i)) 

from the bilinear parabolic semigroup P*^^"^(Fjji x F^^i) to the unitary operator 
^^p(2n)^^_^ X Ftji)) according to proposition 2.4.5. 

2.5.11 Kernel of the integral operator restricted to the (j, mj)-th conjugacy 
class representative of P^'^'^^F^^x x F^x) 

Let (t)^p^^^{xp.^) ® (t)^pf^{xp.^) e L^-^^(P(2")(Fj^i X F^i)) be the bifunction on the j-th irre- 
ducible equivalence class representative of P^^^^fF^^i xF^^i) and let ^[^^^(a;"'' )(S)0G"r (Xg'' ) e 
L}rxl{'^^'^^\^S^ X P"^)) be the bifunction on the corresponding j-th equivalence class rep- 
resentative of the pseudo-unramified complete bihnear semigroup G*^^")(P^'' x P"'') . 
Then, the unitary operator R{P^'^'^\F^ x P^)) acts by convolution on every bifunction 
4>G^r(Xg'^^)0(j)Qn}{XgJ^) on the pseudo-unramified bihnear complete semigroup G^'^"'\F^'^ x 
P"'') according to: 

X i^G^h^ZR ' ^Por) ® ^G^h^QjL ' ^P^i)) ^^PjR ^^PJL 

= [ (0?"Hx„, ■ (X"'- )-^)) «)0L'"^(xp, ■ (X"*- )-^))) 
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where 

(resp. Np^^ {x,^^ , ) = <P^l {x,^^ ■ (x^ )-^) ) 
is the right (resp. left) kernel of the integral operator 

Rp(2n)^F^^0p^^) = j^^^^^ Rp(2n)^F^^^{Xp.J 4)^^^ {Xp.^) dXp.^ 

(resp. i?p(2„)(j.^^)((/)g."^) = / Rpi2n)^F^^){xp.J {x^.^) dxp.^ ) 
restricted to the (j, mj)-th conjugacy class representative of P(^")(Fjji x F^^i) . 
2.5.12 Proposition 

The unitary operator R{P^'^'^\F^i xF^i)) corresponding to the bilinear parabolic semigroup 
p{2n)^^_j X F^i) acts by convolution on the bifunction(s) {(f)Q^{XgQ <Pgy^^pl) ^'^ 
pseudo-unramified bilinear complete semigroup 

Q{2n)(^pnv ^ pnr^ according to 



{Np^^Pn. ^7a) ® Np,{Xp„xZ)){<P^G;h 



- Or) ^ ■•■'^L\-^PLi-^gLn\^G'iT\-^PR/ ^GY^ PL" PR PL 



(Np. (x„. )0Np. (xj,. ,xY )) 



where 



" ^ ] rrij ^R 3h ^ 

the (bi)kernel of the integral (bi) operator Rp(2n)(^p_^y,p ^){(i>p^ ® (t>p^^) decomposes: 
Npr{x,,,xZ) ® Np,{xp„xZ) = © {Np^Jxp^^,x-l) ® Np^^ixp^^^x-; ) 

according to the conjugacy class representatives of P^^'^\F^i x F^^i) . 
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Proof: 



1. By this way, the (bi)kernel {Npj^{xpj^,x'^'^) (g) Np^^{xpj^,x'^^)) is separable since it de- 
composes according to the conjugacy class representatives of P^'^'^^F^i x F^^i) which 
corresponds to the cosets of G^'^''\F^ x F^) / GL„((Z /N Z f) . 

2. The integral JG(2n)(^F^^F^)iNpj,{xp^, x'^;) (g) Np^{xp^, x'^l)){(f)^^'^} 

dxp^ dxp^ , decomposing according to the conjugacy class representatives of G^^") (FjjX 
F^) , converges since the integral f ,^ , / / ,^ANp^ (a;„. ,x"',^ ) ® 

' ^ ^ Jg(2")(F-xF^)/ GL„((Z/WZ)2)^ PjR^ 9jR' ^ 

Npj^ixpji^,Xgj^))i(pG$i^Pjtt) ® ^c'^h^PjJ) d^Pin ^^PJL restricted to the {j,mj)-th 
conjugacy class representative is bounded. ■ 



2.5.13 Proposition 

The trace of the unitary operator R{P^'^"'\Fj;ji xF^i)) can be expressed as a sum of integrals 
of <Pp^^{^Pjj, i^9^J~^)®D(pp^^{xp^^ i^gV^^ according to. ■ 

vol(p(^«)(F^i X F.O / {xp^^ {x-;j-') ^^^l (x,,, {x^y ) dx,,^ dxp^. 



- ® -Rp(2")(F_i xF 1 )(0r1\^r"^) 

where (•, •) is a bilinear form. 

Proof: According to proposition 2.5.12, the kernel Npj^{xpj^, x^Q (8) ^Pl{xpl:X^I) of the 
integral operator i?(P(^"') (F^^i x F^i)) corresponds precisely to the action of the unitary 
parabohc bilinear semigroup P^'^'^\F^ji x F^i) on the bifunction 0^"^ (xp^) (f)Qn}{xpj^) on 

R L 

the pseudo-unramified complete bilinear semigroup 

As a result, we have the thesis which is an adaptation of the Arthur's trace formula for 
reductive linear groups [Art2]. ■ 
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2.5.14 Trace formula for the operator R{G^^''\F^ x F^)) 

A representation of the pseudo-ramified bihnear complete semigroup G^'^'^^F^ x F^^) is any 
mapping 

Rg(2.) : G^'^H^^ X Fu,) > R{G^^''\F^ x F^)) 

from x F^) to the operator R{G^'^'^\F^ x F^)) ~ GL„(Fj^ x F^) in such a way 

that the matrix GL„(Fjn_ x F^ ) corresponds to the conjugacy class representative 
gRx\\j,'mj] = G^'^'^\Fxj. ^, X F^^.^) of the pseudo-ramified bilinear semigroup x 
F^) . 

Then, a trace formula of the operator R{G^'^'^\F-j x F^)) can be reached from the trace 
of the unitary parabolic operator i?(p(^")(Fjji x F^^i)) by considering the analytic contin- 
uation action of the (bi) kernel Np^{xpj^, Xg'^) ® Np^{xp^, Xg'^) according to the following 
proposition. 

2.5.15 Proposition 

The trace of the unitary parabolic operator i?(P'-^"''(Fjji x F^i)) can be extended to the 
trace of the pseudo-ramified bilinear complete semigroup 

i?(G'{2n)(^_ X F^)) if the action 
of the (hi)kernel Np^^Xp^.x^J ® Np^{xp^,xYJ of R{P^'^''\F^i x F^i)) on the (pseudo- 
)unramified bifunction (p^^ixp^) ® (f^'cY^Xp^^) consists in the analytic continuation of this 
bifunction in such a way that the (pseudo-)ramified bifunction (pa'ai^gj^ ® ^g^H^c/l) ^ 
L^^^j^{G^'^'"'\Fjjj X F^^)) on the pseudo-ramified bilinear complete semigroup G^'^'^^F-^ x F^) 
verifies: 

So, we get the following trace formula: 

= e vol(G(2")(F^^ X F^J f ^g;;) {x,J ®D ct^;l {x,J dx,^^ dx,^^ 

where the sum ranges over the diagonal part of the conjugacy class representatives of 
G('-\F^xF^) . 

Proof: The action of the bikernel 
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on the (pseudo-)unramified bifunction 

" ^ J,mj 3l 

defined on the pseudo-unramified complete bihnear semigroup G'(2")(F^'- X FJ^O , consists 
in the pseudo-ramification of this bifunction according to: 

where I'^-^ is an injective morphism to the (pseudo-)ramified bifunction ^^^^(a:^^) ® 
4>G^\xgj^) on the pseudo-ramified bihnear complete semigroup G^'^"'\Fjj x F^) . Con- 
sequently, the injective morphism of pseudo-ramification P^^'y^' of the pseudo-unramified 
bifunction (pG^{xpj^)®(j)^QY{xp^) corresponds to an analytic continuation of this bifunction 
since the injective morphism I^.^ corresponds to the inverse of the map: 

G'gS„. : G^''^\F^ X F^) . x FJ^) 

introduced in section 2.4.1. 

The volume vol(G''^"^''(F^"' x F™')) of the pseudo-unramified complete bilinear semigroup 
Q^'in) (^pm- ^ F"'') with respect to a fixed Haar measure is then infiated by the volume 
vol(p(2n)(^_^ X F^i)) of the kernel Ker(G'g"V-) = ^^^"^(^u;i x of G^p%nr into the 
volume vol(G(2")(F- x F^)) . 

And, the trace formula ^'i^{RG('^^){Fj:jxF^){4>%^ ® 4>%^)) then follows from the developments 
of propositions 2.5.12 and 2.5.13. ■ 

2.5.16 Corollary 

Let L^r-^j^{G^'^'^\F^'^ X F"'')) denote the bialgebra of (pseudo-)unramified bifunctions on the 
(pseudo-)unmmified bilinear complete semigroup G^'^'^\F^'^ x F"'') and let L}£^i^{G^'^'^\FtjX 
F^)) be the bialgebra of (pseudo-)ramified bifunctions on the pseudo-ramified bilinear com- 
plete semigroup G^'^"'\F^j x F^^) . 
Then, the injective morphism: 

IrVl ■■ L],-,\iG^'-\F-^ X F-)) . L],-,\iG^'-\F^ x F.)) 

corresponds to a pseudo-ramification morphism of the bialgebra L^R^^{G'^'^'^\Fp^ x Fp^)) . 
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2.5.17 Proposition 

Let the bifunction 



be developed according to: 

Then, the following trace formula 

vol(p(2") (F^i X F^i ) ) / </.(^"j {x,^^ ) ®^ ^l") (xp^^^ ) dx,^^ dx, 
X vol(G(2")(F- X F-)) ^^^^^ 4>^S^lK^) ®D 



nr 



follows and relies on the Lefschetz trace formula. 

Proof: The considered trace formula results from the development of the bifunction 
^G^\^jR) ®^%^\'^jL) given in proposition 2.5.15 and relies on the Lefschetz trace formula 
because (j)p^\xp.^) ®(f)p"\xp.^) is defined on the bihnear parabolic semigroup P^'^'^^F^ji x 
F^^i) which is the isotropy subgroup of G^'^"'\F^jXFi_j) fixing the bielements of G^'^"'\FjjjX F^^j) 
(see proposition 2.4.5 and [Gro2]). ■ 

2.5.18 Proposition 

Let tr(i?p(2n)(^ixFj,)(0p^'* ® be given by: 

tr(i?p(2n)(F_^XF^l)(0£^ ® 0?r^)) 

= e e voi(p(2")(^z.^ X F^O) / <l>t!i^pj ®D <l>^p;Hxpj dxp^^ dx 

J "^3 3,'mj j,mj 

according to proposition 2.5.13. 
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Then, the trace formula T^t^{Rg(^"){f-xf^){4>g^ ®4>Gl^)) of proposition 2.5.17, relied on the 
Lefschetz trace formula, can be developed as follows: 

where 

J,mj yG(2n) m 3L '^^L HOR 

in such a way that Rp(2n)(^p_^ i )(0p"'' ® ^■^ invariant of 

Tr{Ra^..^p^,pJ<p'§l^^<f>'§:^)) . 



Proof: The parabohc bifunctions 4'^p^\xp^^) (E) (j)p^\xp^^) , 1 < j < r , are in one-to-one 
correspondence and are defined on the bihnear parabohc semigroup P*^^")(Fjji x F^i) , 
being the isotropy subgroup of G'^'^^^Fjj x F^^) : so, the Rp{2n)(^p_^ i )(0p"^ ® ^p"'') > 

1 < J < , are the invariants of Tr(i?(5(2n)(f_xp^)(0Gfl'' *^ 4>Gl^)) ■ ■ 



2.5.19 Remark 

If P^'^^\F-^i X Ft^i) is considered as the unitary representation of the bihnear semigroup 
G^^"'\FijXF^) , then the trace formula Tr(i?g{2n)(j7_xP„)(0Gli^ ^^gI^)) proposition 2.5.17 
refers to the Arthur's trace formula. 

But, if P^'^'^\Fj^i X F^i) is viewed as the isotropy subgroup of G^'^'^\F-ijj x F^) , then 
tr(i?(3(2n)(p_xp^)(0G^'' ® ^G^^)) Lefschetz trace formula. 

2.5.20 Second trace formula for the operator R{G^'^'^\F^ x F^)) 

A trace formula of the operator R{G^'^^\Fzj x F^)) can be developed directly from the 
set of bifunctions 4'G^\xgj^) (f)Q^^^\xg^^) G L]^^^{G^'^"'\Fjj x F^)) on the conjugacy class 
representatives of x F^^) and not from an extension of the trace formula of the 

unitary parabohc operator R{P^'^'^\F-^i x F^i)) . 

As the bifunction ^G^^la;^^) ® 0Gr^(^Si) ' defined on the pseudo-ramified bilinear complete 
semigroup G^'^'^\F-uj^ x F^^) , develops 
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according to the bifunctions 0gJ (a^gj^) ® (^s^^) '^^ the conjugacy class representa- 
tives fi'^jxib' ""^il '^^ G^'^^\Fj;j X F^) , which correspond to the cosets of GL„(Fr x F^)/ 
GL„((Z I N 'LY) , we get clearly the searched trace formula: 

This trace formula of R{G^'^'^\Fu x F^)) corresponds to the trace formula obtained in 
proposition 2.5.15 from the trace of i?(P*-^"-'(Fjji x F^i)). It results from the action of 
the Hcckc bialgcbra HRxLin^) on the pseudo-ramified bilinear semigroup G^'^^^F^j x F^) 
since it is generated by the Hccke bioperators (Tfi{n] r) ^Tiin] r)) having as representation 
GL„((Z I N IjY) according to proposition 2.2.6. 

This trace formula will be proved in chapter 3 to correspond to the Plancherel formula 
if the considered pseudo-ramified bilinear algebraic semigroup has undergone a projective 
toroidal isomorphism of compactification. 
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3 Langlands global correspondences for irreducible 
representations of GL(n) 

Introductive keys 

In chapter 2, nonabelian global class field concepts were introduced, i.e. essentially the con- 
struction of an algebraic bihnear semigroup G^'^'^^F-^x Fij) constituting the 2n-dimensional 
irreducible representation lTTWp^^^{Wp'^^ x of the product, right by left, of global 

Weil groups. 

It was shown that x F^^) decomposes into diagonal and off-diagonal r conju- 

gacy (bi)classes whose equivalent representatives are noted gRx\\J^''^j] > 1 ^ J ^ ^ ■ 
The equivalent representative mj of the j-th left (resp. right) class of T^'^'^^F^) (resp. 
T(2")(F^)t c G'(2")(Fi^ X F^) is noted 5i^"^[j,mj] (resp. 5S?"^[j,mj] ). 

The algebraic representation space of the algebraic bilinear semigroup of matrices 
GLn{Fjjj X F^^) is noted Repsp(GL„(F^ x F^)) and is precisely the algebraic bilinear semi- 
group G(^"^(Fn7 X F^) isomorphic to the GL„(Fj^ x Ft^)-bisemimodule {Mr Ml) ■ 
Then, the content of this chapter will concern: 

a) the introduction of a general bilineair cohomology defined as a contravariant 
bifunctor H* from smooth abstract (resp. algebraic) bisemivarieties together with a 
natural transformation from H* to the associated the de Rham bilinear 
cohomology ijt*'*! ; 

b) the Fulton-McPherson compactification of bilinear algebraic semigroups; 

c) a toroidal compactification of the lattice bisemispace Xsj^^j^ ; 

d) a double coset decomposition of GLn{F^j x F^^) leading to the equivalent of a bilinear 
Shimura variety ; 

e) the Langlands global correspondence on Repsp(GL„(F;^^ x F^^)) based upon the 
study of the ring of regular (bi)functions on Repsp(GL„(Ft^ x F^^)) and the corre- 
sponding Langlands "real" correspondence. 
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3.1 Compactifications of bilinear algebraic semigroups and global 
holomorphic correspondences 

3.1.1 The compact ificat ion of bilinear algebraic semigroups 

The compactification of the bihnear algebraic semigroup G^"'\F^ x Fi^) over the product, 
right by left, of real pseudo-ramified extension semirings leads to the compactified bilinear 
algebraic semigroup G*-"^ [F^ x F+) , taking into account the inclusions 

G^''\F+xF+) ^ G^^'^HF^xF^) 

G(^\F+xF+) ^ G^^^\F^xF^) 

of the "real" bilinear algebraic semigroups into the corresponding "complex" bilinear al- 
gebraic semigroups as justified in section 3.5.1. 

We show that this problem is closely associated to the generation of a smooth bihnear gen- 
eral bisemivariety ri"^ {F^ x F+ ) characterized by polyhedral convex bicones cr^^ ^ (K^ x 

n ) ■ 

And, this bilinear general bisemivariety t^^{F^ x F+) is in one-to-one correspondence 
with the bihnear general "toroidal" bisemivariety t^"^(F^'^ x in such a way that the 

polyhedral convex bicones (y^^-^i,{F^^^ ^ x ^ ) are transformed into products, right by 

left, of n-dimensional real semitori rgb'^^^jj x Tlljs.rrijs] e G^'^\F^''^ x F+'^) . 



3.1.2 An adaptation of the Fulton-McPherson compactification 

The set of left (resp. right) real pseudo-ramified completions 

introduced in section 1.1.5, proceeds from the set of left (resp. right) real pseudo-ramified 
Galois extensions of k : 



(see sections 1.1.4 and 1.1.7). 

Let G'(")(F+ X F+) denote the non-compact real bilinear algebraic semigroup with entries 
in (F+ X F+) . 
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Several types of compactification can be envisaged for it: we shall introduce here an 
adaptation of the compactification of W. Fulton and R. McPherson [F-M], which allows to 
consider a compactification by unit blocks consisting in irreducible real extensions F ji , 

1 < < is , of rank N in one-to-one correspondence with the irreducible real completions 
F j' , as defined in section 1.1.5. 

Let {^ijxLb^' '"^i«]}j5=i denote the set of conjugacy class representatives of the real non 
compact bilinear algebraic semigroup G^"'\F^ x F+) and let 



(resp. {~gi%,mM, C G^^^F^^) ^ T*(F+) ) 



be the corresponding set of left (resp. right) conjugacy class representatives of the real 
non compact hnear algebraic semigroup G(")(F+) (resp. G'^'^^F-^) ). 

Referring to proposition 2.3.4, it is easy to see that the rank r^.^ (resp. r^^.^ )of the 
conjugacy class representative g]i^\js,'mjs] (resp. gR\js,'rTijg] ) is given by: 



r,.^^N^-r (resp. r^.^ ^ ■ f ) 

where: 

• is the rank of the real irreducible extensions F j , 



15 



• j is the global class residue degree of Fy. . 
If is the number of non-units of F ^ , then: 

V 

• the number of points g'ff^[js-,mj^] (resp. g^Riisifnj^] ) is: 



(resp. n.(„),. =j".Ar".n^), 
the number of irreducible subsets F ji^{n) ol g^j^\ji^mj^] (resp. g^]i\j6-,'raj^] ) is: 



n 



"is 
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The compactification of the conjugacy class representatives gL^\j5,iTijg] and gR^jsjiTT-js] 
is reaUzed symmetrically respectively in the upper and in the lower half spaces according 
to the method developed by W. Fulton and R. McPherson in [F-M]: this leads to the 
following propositions. 

3.1.3 Proposition 

At each irreducible subset F j' (n) e gi^^\js,iT^js] (resp. Fy in) e g^RljsTTT^js] ) atN-np ele- 

V ■ V ■ 

is H 

merits, corresponds a non- singular irreducible compact completion F jdn) (resp. Fyin) ), 

V ■ V ■ 

IS OS 

i.e. a closed irreducible compact one- dimensional subset of g'£\j§.,mj^] G G^"'\F^) (resp. 
9i\js,m,,] e G'(-)(F+) ; such that: 

a) the union of the irreducible completions F j' (n) (resp. Fy in) ) is g^^^\j5,mjA (resp. 

9R\j5^'^js] ); 



b) these irreducible completions meet transversally. 
Proof : 

1. As the conjugacy class representatives g^l^\js,mjg] (resp. g^^\js,mjg] ) are built from 
irreducible subsets F ji in) (resp. Fy in) ), it is normal that the compactification 

V . V ■ 

3S 3S 

acts on these unit blocks. 

2. A set of blowups is then envisaged on the N • up elements of the irreducible subsets 
F jf (n) and F y (n)in such a way that the N -up points of F j (n) form an irreducible 

V ■ V ■ V ■ 
OS OS OS 

divisor (or completion) F / {n) cent red on a point in the upper half space and that 

the N ■ Up points of Fy (n) form a symmetric divisor D[Fy (n)) in the lower half 
space centered on a symmetric point. 

A sequence of maximum N -up blowups [F-M] is envisaged such that the N -up points 
become together a point and generate a completion (i.e. a closed irreducible compact 
one-dimensional subset) which constitutes a limiting configuration in the compacti- 
fication of F An) (resp. Fy in) ), in the sense that equivalent compactifications of 

V ° V ■ 

^ J5 ^ OS 

F An) (resp. Fy in) ) exist (they are called degenerated in [F-M]). 

V ■ V ■ 
OS OS 

3. More concretely: 
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• a first irreducible subset F i' (n) is compactified by blowups of its • np points 
into the completion F 1/ (n) ; 

V ■ 

OS 

• a second irreducible subset F 2' in) is compactified in the completion F 2' (n) by 

V ■ V ■ 

35 35 

blowing up its {N -np) points in a compact neighbourhood of F 1/ (n) in such a 

V- 
36 

way that F 2' (n) be transversal to F 1' (n) ; 

V ■ V ■ 

3S 35 

• it is proceeded in that manner for all irreducible subsets of g^^\js,mjg] in 
such a way that the compactification of these gives a polyhedral convex cone 
gz^\j5,fnjg] with completions or closed one-dimensional compact subsets 
meeting transversally (or having normal crossings); 

• to the polyhedral convex cone gL^\js-,Tnjg] localized in the upper half space 
corresponds a symmetric polyhedral convex cone gR^Us^'iT^js] localized in the 
lower half space. ■ 



.4 Definitions 

• A left (resp. right) polyhedral convex cone ) (resp. o"l?^(K/! ) ) 

is a conjugacy class representative gi^\j5,tTijg] (resp. gR\js,'m'js] ) of the linear 
complete algebraic semigroup G'(")(F+) (resp. G'-''\F^) ) on the (Z /N Z)-lattice 
A^, (resp. Ay ) (corresponding to the {Z / N Z)-lattice A^^ (resp. A^j ) introduced in 
section 2.2 in such a way that g^[^\js,Tnjg] (resp. g^^^jsjinjg] ) be included into the 
subsemigroup g^if^\2i'^^ (resp. 9Bf^\j-,'ni^ localized in the upper (resp. lower) half 
space) [Dan]. 

• A polyhedral convex bicone crl?^r(F^ x F+ ) is a conjugacy class rep- 

resentative fi'/j'xLb<5' ""^iJ '^^ bilinear complete semigroup G'^"'\F^ x F+) on the 
(Z /N Z )2-bilattice A^ O A^ . 

• A smooth linecir general semivariety [K-K-M-S] Ta"'\F^) (resp. 
r^"'^[F^) ) is a linear complete algebraic semigroup G^'^\F^) (resp. G*^"^(FJ") ) com- 
posed of the family {gL^^ljs^'n^js]} (resp. {gR^js^'iTT'js]} ) of disjoint conjugacy class 
representatives together with a collection of charts from real conjugacy class repre- 
sentatives gr^^^ijsj'mjg] (resp. gR^\js-,nT'js] ) to their complex equivalents gL"^^\j,mj] 
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(resp. c/2"^[j,mj] ): 

(resp. cz*^ : {c/r ^[js, m^,]}™^^ > 9T\j^^j\) 

where cz^ (resp. cz*^ ) are coordinate functions on the corresponding conjugacy class 
representatives. 

The cz^ (resp. cz*^ ) can be represented as Laurent monomials in functions of the 
complex variables z{, - • ■ ,zl^ (resp. zl'' , - ■ ■ , z^ ). 

A compactified smooth linear general complex semivariety Tc'^"'\f^) (resp. 

rcl^\Fzj) ) is obtained from t!j^\f^) (resp. Ta'\F^) ) by gluing together the conju- 
gacy class representatives of G'''^^\F^) (resp. G(^")(Fjj) ) in such a way that, if 

(resp. /^_/;.*^): ^^b^m,] .C*) 



is a function on 5f5f"^[j,mj] (resp. gR^^^lj^rrij] ), 
then a Laurent polynomial 



given by: 



Uz) : G(2")(F,) > C 

(resp. Uz*): G^'^\F^) . C*) 

fM)= . S ^,^,(^^), l<J<r<oo, 



j,mj=l 

r 



(resp. fzo{z*)= S /c^,.^, (^ 

j,mj=l 

can be introduced on TcI^^\f^^) (resp. Tc'^"'\Fjj^) ) as a(n) (in)finite linear combina- 
tion of Laurent monomials corresponding to the left (resp. right) polyhedral convex 
cones (F^ ,^ J (resp. J ). 



3.1.5 Proposition 

Let rcl^\F^) (resp. rcl^\Fij) ) be a compactified smooth linear general semivariety whose 
conjugacy class representatives 5'l"^[7, "ij] (resp. g^^^jjiTij] ) are glued together and on 
which the functions fui{z-') (resp. fuj{z*^) ) are considered. 
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Then, on the compactified semivariety TcJ^ {F^^) (resp. Tc^" (F^j) ), the (dijferentiable) 
function fu){z) (resp. fzj{z*) ), defined in a neighbourhood of a point zq (resp. ) of C"' , 
is holomorphic at Zq (resp. Zq ) if we have the following multiple power series development: 

oo 

fM = s E {z[ -zq^ ■■■ (4 - z^y , 

J=l TUj 

(resp. fUz*) = E S c*,^^ {z{ - z*y ■ ■ ■ - z^J ) 

where z[, ■ ■ ■ ,z'^ are (functions of) complex variables, on unitary closed supports 
taking into account that: 

a) to each conjugacy class representative g^i"\j,rnj] G t^^\f^) (resp. g^^"'\j.rnj\ G 
'T^^\Fj^) ) corresponds a term of the multiple power series development of fuj{z) 
(resp. fuj{z*) ). These terms have the same structure by construction of g^^^^\j,mj] 
(resp. 5j?"^[j,mj] ), 1 <j <r <oo . 

b) the coefficients cj^rnj (resp. c*^^ ) have an inflation action from functions on the con- 
jugacy class representatives P^^'^^F^i) (resp. P^'^'^\Fijji) ) of the "complex" parabolic 
subsemigroup to the corresponding functions on the conjugacy class representatives 
gL^^[j,mj] (resp. g^^^\j,mj] ) of the algebraic semigroup G'^'^'^^F^) (resp. G'^'^^^Fu) ). 

c) j -> oo . 
Proof: 

a) According to definitions 3.1.4, the coordinate functions cz^ (resp. cz*^ ) on the conju- 
gacy classes of t^^\f^) (resp. T^^\F-ijj) ) can be represented as Laurent monomials. 
So, each term of the multiple power series development of fuj{z) (resp. fuj{z*) ) 
corresponds to a conjugacy class representative g^L^^\j,rnj] (resp. g^R^\3,rnj\ ). 

b) If j ^ oo , the number of conjugacy classes of t!^^\f^) (resp. Tc'^"'\Fjj) ) must 
tend to infinity in order that the multiple power series, converging to z in some 
neighbourhood of Zq , be equal there to fui{z) (resp. fui{z*) ). ■ 
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3.1.6 Proposition 



The coefficients Cj^rnj of the holomorphic function fui{z) (resp. foj{z*) ) on the compactified 
algebraic semivariety TcI^\f^) (resp. TcI^\F;jj) ) are given by the products: 

1 2n 1 

A5(2n,j,mj) = n Aj(2n,j,mj) 

d=l 

of the square roots of the eigenvalues Xd{2n, j,mj) of the {j,mj)-th coset representatives 
Uj,mj^ X Uj^ruj^ of the product TR{n; t) <S> Tiln; t) of the Hecke operators. 

Proof: As the holomorphic function fuj{z) (resp. fuj{z*) ) decomposes into a multi- 
ple power series whose terms are (sub) functions on the conjugacy class representatives 
gf''\j,mj] (resp. gR''\j,mj] ) of the semivariety rif"^(F^) (resp. t^I''\Fzj) ), f^{z) (resp. 
fw{z*) ) corresponds to an endomorphism of t^^'\F^^) (resp. t^J'\f^) ) into itself. 
On the other hand, as the semivariety t^^\f^) (resp. t^'^''\Fjjj) ) is defined on the 
[Ij I N Z)-lattice (resp. A- ) (see definitions 3.1.4), on which acts the Hecke oper- 
ator Tiiri] t) (resp. Tjiin; t) ) whose product Tjiiji] t) ^Tiiri] t) has a representation in the 
subgroup of matrices GL„((Z jN , the product of the square roots of the eigenvalues 
X{2n, j,mj) of the {j,mj)-th coset representative Uj,mjj^ x Uj^m^^ of TR{n;t) ®TL{n]t) will 
naturally constitute the searched coefficient Cj ^j of the holomorphic function fuj{z) : this 
results from proposition 2.2.5. ■ 



3.1.7 Laurent polynomial on the general bisemi variety 

Let G'(")(F+ X F+) denote the non-compact real bilinear algebraic semigroup and let 
G^'^\F^ X F^) be its locally compact equivalent obtained by the Fulton-McPherson com- 
pactification as introduced in proposition 3.1.4. To the set of polyhedral convex bi- 
cones (J^rIl{F^ x F+ ) = gnlAn^^js] of G^'^KF^ x F+) corresponds the smooth 

■'0' 3S •'o' 3S 

general bisemivariety Ta'^\F^ x F+) which leads to its compactified complex equiva- 
lent TcI^^\Fjj X F^) obtained by gluing together the conjucacy class representatives of 
G^'^\F^ X F+) . And, a Laurent (bi) polynomial 

fuj{z*) ®D fM = E E Cj^rn, ' C* Z*^ ■ Z^ 
j=l rtij 

can be introduced on t^I''\Fjjj^ x F^^) . 

3.1.8 Proposition 

On the compactified complex bisemivariety t^^\Ftjj^ xF^;^) , the bifunction fwiz*)® f^{z) , 
defined in the neighbourhood of a bipoint (^^q x 2^0) o/C " x C " , is holomorphic at {z^ x zq) 
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if we have the multiple power series development: 

oo / ■ / 

fzo{z*) ®iD) fM) = E E C* Cj^ra, {z[ z[ - Z^^Zq^ ■ ■ • « < - Z^^ZqJ^ 
j=l ruj 

verifying: 

a) to each conjugacy class representative S'^^xib'^^j] ^ t^'^''\Fuj x -foj) corresponds a 
term of f^{z*) ® f^{z) ; 

b) j ^oo ; 

c) each term of fu{z*) ®[d) fuj{z) generates a function suhspace of dimension p'^ . 
Proof: This is an adaptation of proposition 3.1.6 to the biUnear case. ■ 

3.1.9 Corollary 

The holomorphic hifunction fuj{z*) ®(d) foj{z) on the compactified algebraic bisemivariety 
TcI^^\Fu^ X F^^) constitutes an irreducible holomorphic representation Irr hol(GL„(Fjj x 
Fui)) of the bilinear complete semigroup {Fjij X Fj^) ^ GLn{F^ X Fjj) . 

3.1.10 Power series development on the real compactified semigroups 

If the inclusion G^^\F-^ x F+ G'^'^'^\Fu x F^) of the real compactified bihnear complete 
semigroup G'^'^\F^ x F^) into its complex equivalent G*-^"'-' (Fjj x F^) is not taken into 
account, a power series development can be envisaged on = {^'^"''[i^, 'm.j^]} (resp. 

G^-'%F^) = {gf[3s,m,,]}). 

Consider the compactified smooth linear general real semivariety TjC\F^) (resp. Tc^\f^) ) 
obtained from Ta"\F:^) (resp. Ta"\F^) ) by gluing together the conjugacy class represen- 
tatives of (resp. G'(")(F+) ) in such a way that: 



fvi„m^^ {x^') ■ \js: ruj,] > R, X = (xi, . . . , Xn) e iR" , 

(resp. f^^ i-x^'): g^R\j5,mj,] , IR) 



"J5 

be a function on g^L^ljs^mj^] (resp. g'J^b^, m^J ). 
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3.1.11 Proposition 

On the compactified real semivariety t^\f^) (resp. t^\f^) ), the (differentiable) func- 
tion fv{x) (resp. fv{x)) has a power series development if it can he expressed according 
to 

fv{x) = S S Cjg^rrij {x 
OS '^is 

(resp. fv{-x) = S S Cj^,mJ-xy' ), 

where x' is a function of the real variables x = {xi, . . . , Xn). 
This implies that: 

(resp. fjj^^ ,^^^ {-x^') = Cjg,mj, i-x'y' ) . 

Proof: The power series development of fv{x) (resp. f-{—x)) on the complete algebraic 
semigroup (resp. G'(")(F+) ) is rather "natural" since its conjugacy class repre- 

sentatives have the same structure by construction. So, the terms of /„(x) (resp. fv{—x) ) 
on the conjugacy class representatives have the same functional structure. ■ 

3.1.12 Corollary 

The power series bifunction fv{—x)<^(D)fv{x) on the compactified algebraic real bisemivari- 
ety Tc^\f^^ X F^) constitutes an irreducible functional representation space 
Irr Repsp(GL„(F^ x F^)) of the bilinear complete semigroup G^'^\F^ x 

3.1.13 Proposition 

Let F+ = © -P+ © F+ (resp. Fi; = © -F^+ © ) denote the sum of the left 

(resp. right) real pseudo-ramified extensions of k . Then, the non compact real bilinear 
algebraic semigroup G'^'^\F^^ x F^) , associated with G^"'\F^ x F+) , constitutes a n- 
dimensional non compact irreducible representation of the product x Wp^ of global 
Weil groups according to: 

IrrRepV^^^^^+ : Wf^ x Wf^ > G^^\F+^ x F+ ) . 

Proof: This is an adaptation of proposition 2.4.7 to the real case. ■ 
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3.1.14 Proposition 

On the non compact real bilinear algebraic semigroup xF^+ ) there exists the global 

functional correspondence: 

IirRepW^;}^^4W;i x W^i) > Irr Repsp(GH(F+ x 



\ / 

G^^^F^ X F+) 

• from the sum of the products, right by left, of the equivalence classes of the irre- 
ducible n-dimensional non-compact representation lTTRepW^+^^+{W^+ x Wp+) of 
the product x W^X of global Weil groups, given by the non-compact real bilinear 
algebraic semigroup x F^) 

• to the sum of the products, right by left, of the equivalence classes of the irreducible 
representation space Irr Repsp(G*^"'^(F^ x ofG^"'\F^ x F+) given by the power 
series bifunction fjj{—x)®fy{x) on the compactified algebraic bisemivariety rc^\F^^x 
F^) or on the compact bilinear algebraic semigroup G'^'^\F^ x F+) . 

Proof: 

1. It has been seen in proposition 3.1.13 that Irr Rep W^^}^p+{Wf+xWf+) = G^''\F^^ x 

F^) where G^^\F^^ x F^) is the non-compact real bilinear algebraic semigroup with 
entries in F^+ x F^+ . 

2. The Pulton- McPherson compactification by blowups transforms ^^"^(F^ x F^) into 
the compact real bilinear algebraic semigroup G'^'^^F^ x F+) . 

3. The power series development of fy{—x) fv{x) on G'*-"-'(F^ x Fj^) constitutes an 
irreducible functional representation space of G*^"^(F^ x F+) according to corollary 
3.1.12. ■ 
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3.2 General bilinear cohomology theory 



3.2.1 Introduction of bilinecir cohomology 

As the envisaged mathematical structures are bilinear, we have to introduce a bilinear 
cohomology in one-to-one correspondence with its linear equivalent. 
The existence of a bilinear cohomology is justified by: 

• the cycle map; 

• the Tannakian category of representations of afhne groups schemes. 

The considered bihnear cohomology will be "general" in the sense that it will be a cohomol- 
ogy theory on abstract bisemivarieties in one-to-one correspondence with the associated 
afhne algebraic bisemivarieties covering those [Hart]. 

The afflne algebraic bisemivcirieties will be afHne bilinecir algebraic semigroups 
xi^J") embedded isomorphically in their complex equivalents G^'^''{F\jX 
F^^) and covering the complete algebraic bilinear semigroups G^'^\F^ x -F+) . 
Note that the conjugacy classes of G*^"-* {F^ x F+) arc isomorphic to these of G*^") {F^ x F^) 
by a suitable compactification described in section 3.1. 

The following proposition will define and justify the general bilinecir cohomology 
theory on smooth abstract (resp. algebraic) bisemivarieties G^'^\F^ x F+) 
(resp. x as the (graded) right derived bifunctor H'^*{G^'^\F^ x 

F+), FREPSP(GL2*(F+ xF+))) (resp. Jf 2*(Gr(-)(F+ xF+), FREPSP(GL2*(F+ x 
F+))) of the functional representation spaces of the complete (resp. algebraic) bihnear 
parabohc subsemigroups P'^*{F^i x F^) (resp. P'^*{F^i x F^i)) having trivial actions where 
FREPSP(GL2*(-F^ X F+) denotes the functional representation spaces of the graded bi- 
linear algebraic semigroups 

GL2.(F+ X F+) = © GL2.(F+ x F+) . 

i<n 

In connection with the bilinear cohomology semigroup if^*(G*^")(F^xF+), FREPSP(GL2*(F^x 
F+))) on the smooth abstract bisemivariety G^^\F-^ x F+) , there exists a morphism 

H : H''*{G^''\F+ X F+), FREPSP(GL2.(F+ x 

into the bihnear cohomology of the de Rham type H^*'*^{gP{F+ x F+),n*\:^ . . ) 
where: 
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• the dimension * on the left in [*, *] is a covariant cohomo logical dimension and the 
dimension * on the right is a contravariant cohomological dimension; 

• G^^\F-^ X F+) is a differentiable smooth abstract bisemivariety; 

• , , = © ^^Vr,^ J. J. are the graded bisemisheaves of differential ii + i)- 

forms on G^^\f^ x F+) , i.e. the wedge product of right semisheaves of differential 
(i, 0)-forms by left semisheaves of differential (0, i)-forms. 

3.2.2 Proposition (General bilinear cohomology) 

A general bilinear cohomology theory is a contravariant bifunctor 

H^* : {smooth abstract (resp. algebraic) bisemivarieties G^'^\F^ x F^) 

(resp. X F+) )} 

> {graded (functional) representation spaces of the complete 

(resp. algebraic) bilinear semigroups GL2*(FJ" x F^) 

(resp. GU4F+ x F+) )} 

together with a natural transformation: 

nH2.^Hi,M : H^%G^''\F+ X FREPSP(GL2*(i^^+ x F+))) 

(resp. H^*{G^''\F+ x FREPSP(GL2*(^^+ x F+))) ) 

into the bilinear cohomology of the de Rham type of dimension * + * . 

Let H'^'{G^''\F^ X F+),FREPSP(GL2i(F/ x F+))) be the general bilinear cohomology 

semigroup of dimension 2i . 

Let H'^'^ (G^^\F-^_^)) be the associated linear cohomology group where F^_y — F^ U is 
the set of algebraic extensions corresponding to F^ x F+ . 

The linear cohomology if^'(G''^"^(F^^)) is characterized by the cycle map: 

7;.(„) : Z\G^-){F^_^)) . H'\G^-\F^_^)) 

v — v 

where Z^{G^'^\F^_^)) is the group of algebraic cycles of codimension i over the linear 
algebraic group G^^\F^_^) . 
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The bilinear cohomology H'^\G^"-\F^ x FREPSP(GL2i(F^ x is characterized 

by the bisemicycle map 



Z\G^''\F+ X F+)) > H^'{G^''\F+ x FREPSP(GL2i(F+ x F+)) 



where Z^{G^'^^ {F^ x F^)) is the bilinear semigroup of compactified bisemicycles of codimen- 
sion i on the bilinear complete semigroup G^''\F^ X F+) in such a way that 
FREPSP{GL2i{F^ X be embedded isomorphically in its complex equivalent 

FREPSP{GL2i{F^ X ; this is at the origin of this cycle map. 

The associated the de Rham bilinear cohomology is characterized by the bisemicycle map: 

where ^ f*'*^ (G^"^ (F^ x F^)) is the bilinear semigroup of compactified bisemicycles of codi- 
mension 2i = i + i on the bilinear complete semigroup G^^\f^ x F+) . 

The correspondence between the lineair cohomology and the associated biUneeir 
cohomologies is given by the commutative diagram; 

Linear Bilinear Bilinear 

Z\G^-\F^_^)) > Z^^\Gf{F^ X . Z\G^-\F^ x 

-,(n) 



v—v 



i/2^(G'H(F+_J) H^'''^{G^;\f+ X F+), . H''\G^^\F+ x F+), 

%\f,-.K^)) FREPSP(GL2.(F+ X F+))) 

Proof: Remark first that the general bihnear cohomology theory is induced from: 

a) The cycle map 7* („) which is related to the linear cycle map 7* („, and to the bihnear 



/^in; jr 

the de Rham cycle map 7 



b) the Tannakian category of representations of affine group schemes [Del4] . 



The commutative diagram of this proposition clearly shows that the linear cycle map 7' („) 
proceeds from the bilinear cycle map of the de Rham type 7'*(1) and from the isomorphism: 
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Note that the bilinear cohomology of the de Rham type H^^'^^(Gj^ {F^ x F+) has 
dimension 2« = « + « (as the corresponding bihnear semigroup of compactified bisemi- 
cycles Z^^'^\G^^\F-^ x FJ~)) from the consideration of bisemisheaves of differential (i + i)- 
forms while the general bilinear cohomology H'^^G^^^F^ x FREPSP(GL2i(FJ" x 
F^)) has dimension "2i" due to its "diagonal" isomorphic embedding into 
H^\G^''\F^ X F^),FREPSP(GL2i(F^ x F^)) . 

3.2.3 Proposition 

The general bilinear cohomology is a general cohomology theory in the sense that: 

• it is a motivic (bilinear) cohomology theory or a Weil (bilinear) cohomology theory; 

• it is directly related to the standard cohomology theories like the singular, de Rham 
and Betti cohomologies. 

Proof: 

1. The general bilinear cohomology H'^\G^'^\F^ x FREPSP(GL2*(F+ x F+)) is 
directly related to: 

• the Betti cohomology because the complete (algebraic) bilinear semigroup 
G^"'\F-^ X F+) is covered by the affine bilinear algebraic semigroup G'*^"''(-F^ x 

which is embedded isomorphically in its complex equivalent G^^\F^jXF^) . 
Thus, we have an embedding ctrxL : X C x C . 

This allows to define a bilinear Betti cohomology which must be in one-to-one 
correspondence with the classical linear Betti cohomology according to propo- 
sition 3.2.2. 

• the de Rham cohomology if the considered complete (algebraic) bilinear semi- 
group is differentiable, i.e. is G^^\f^ x F+) . 

The obtained de Rham cohomology //I*'*] (gJ^^ (F+ x F+) , ^ ^) is bihn- 

ear, but, by the commutative diagram of proposition 3.2.2, it is in one-to-one 
correspondence with the classical linear de Rham cohomology. 

• the singular bilinear cohomology which is in one-to-one correspondence with the 
de Rham bilinear cohomology. 

2. The general bilinear cohomology is a motivic or Weil (bilinear) cohomology theory 
if it verifies the standard conjectures on algebraic (bi)cycles as developed in the 
following proposition. ■ 
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3.2.4 Proposition 

The general bilinear cohomology theory, defined by the contravariant bifunctor H ^* and the 
natural transformation characterized by: 

1. Hodge bisemicycles W+'{G^''\F^ x F<^), FREPSP(GL,+,(F^ x F+)) (resp. 
Hi+i{G^^){F+ X F+),FREPSP(GLi+i(F+ x ), 2i ^ i + i , on abstract (resp. 
algebraic) complex bisemivarieties into "real" functional representation spaces of 
GLj+j(F^ X F+) in such a way that there is a bifiltration F^^j^ on the right and 
left cohomology semigroups of H'^^{G^'^\» x •), — ) given by: 

F^^^H^\G^''\* X •), -) = © i/2(p+g)^^{„)^, ^ _^ _ 

i=p+q 

2. a Kiinneth standard conjecture implying that the projectors 

X •), -) . H^\G^''\» X •), -) 

are induced by algebraic bisemicycles GY\G^''\F^ x C Z^G^^'^F^ x F+)) 

decomposing into rational subbisemicycles according to the conjugacy class represen- 
tatives ofGL2i{F^ X F+) . 

3. a Kiinneth biisomorphism: 

//^*(G(")(F+),FREPSP(GL2.(F+)))(8)^+^^+//2*(G(")(F+),FREPSP(GL2*(F+))) 

, H''*{G^^\F+ X F+),FREPSP(GL2*(F+ x F+))) 

associated with the exact sequence: 
> E H^\G^^\F+ X F+), FREPSP(GL2p+2,(F^+ x F+))) 

i=p+q 

^ E H'%G^''\F^ X FREPSP(GL2p+2,(F^+ x F+))) 

i=p+q 

+ H%G^''\F+ X F+),FREPSP(GLi(F+ x F+))) 
, H\G^''\F+ X F+),FREPSP(GLi(F+ x F+))) . 

in such a way that 

H^P(G^^)(F^ X F+),FREPSP(GL2p(F+ x i^+))) 

^ H^'-^P{G^''\F+ X F+),FREPSP(GL2.-2p(F^+ x F+))) 

, H\G^''\F+ X F+),FREPSP(GLi(F+ x F+))) 

is ^/le bilinear version of the intersection cohomology according to the Goresky-Mac 
Pherson approach [G-MP] and referring to the Poincare duality. 
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Proof: 



1. The Hodge bisemicycles H'+'{G^''\F^ x F^), FREPSP(GLi+i(F+ x F+)) are justi- 
fied because G^''\F^ x F^) is an abstract complex bisemivariety embedding its real 
equivalent G^'^\F^ x F+) . So, G^"'\Fij x F,^) is a Kahler bisemivariety on which a 
Hodge decomposition [D-M-0-S]an be performed. 

Since abstract bisemivarieties are concerned, the Hodge decomposition must apply 
on the right and left semivarieties and G^^'^F^) of G^^'^F^xF^) and Hodge 

bisemicycles follow themselves. 

Similarly, a Hodge bifiltration on right and left (abstract) bisemivarieties of G*^"-* {F-^ x 
F+) is justified. 

2. The Kiinneth standard conjecture deahng with the projectors H'^*{G^'^\» x •), — ) — > 
ff2i^^(n)^^ X •),— ) are induced from algebraic bisemicycles CY*(G(")(F^ x 
because the concerned cohomologies are bilinear cohomologies of abstract bisemiva- 
rieties. 

On the other hand, these projectors refer to mappings interpreted as inverse quantum 
deformations of Galois representations as introduced in [Pie6] and applied in [Pie2]. 

3. The considered Kiinneth biisomorphism takes into account the intersection cohomol- 
ogy which is a pairing between the 2p-th and 2{i — p)-th bilinear cohomologies in 
the 0-th bilinear cohomology H^(G^'^\» x •), — ) yielding a 0-dimensional bisemicycle 
because the intersection is composed of a finite set of bipoints. ■ 

3.3 Borel-Serre toroidal compactification 
3.3.1 General bilineEir toroidal bisemivariety 

A following step is the transformation of the bilinear general toric bisemivariety ri"^ {F^ x 
F+) (or Tc'^\f^ X F+) ) into the bilinear general toroidal bisemivariety t^\f^''^ x -F+'^ ) . 
This can be realized by considering the projective emergent isomorphism 7|j x 7£ from 
the bilinear algebraic semigroup G^'^\F^ x F/) , corresponding to t^\f^ x F+) or to 
T^f{F^ X F+) , to its toroidal equivalent G^^'^F^''^ x F+''^) , corresponding to t^\f^''^ x 
F^''^) as considered in the following section: in fact, the projective emergent isomorphism 
1r ^ 1l will be more precisely developed for the complex bilinear algebraic semigroup 
(7{2n) (^jp_ X i?^) ^ taking into account the inclusion 

G^''\F+ X F+) G^^^n^ur X F^) . 
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A toroidal compactification will been envisaged for the lattice bisemispace X^^^^ : it will 
correspond to the Borel-Serre toroidal compactification which will be decomposed into a 
two step sequence which will lead to the equivalent of a Shimura (bisemi)variety. This 
compactification is in fact a projective mapping of ^s^j^^ , generating products of pairs of 
embedded complex semitori (which are the only complex compact Lie (semi) groups). 

3.3.2 Definition 

The left (resp. right) toroidal projective emergent (iso)morphism 7^ : Xsj^ Xsj^ (resp. 
7^ : Xsji ) can be decomposed into the two steps sequence [Piel] : 

a) the points Pa^y,^.] e gL"'\j,mj] (resp. Pa^y^^.^ e m^] ) are mapped onto the 
origin of F^"- (resp. F^^ ). 

b) these points PaLym ] (^^sp. P^^^^^j ) are then projected symmetrically from the 
origin of F^ (resp. F-^ ) into a connected compact complete semivariety which is 
a complex semitorus T|"[j, mj] (resp. T^[j,mj] ) in (-Fj)" (resp. (P^J)" ) where 

= (resp. = {Fj;, ■ ■ ■ , F^^^ , • • • , FjJ ) is the 

set of toroidal (compactified) completions Fj^^ (resp. F^^^ ) corresponding to 
^c.,-^^(resp. F^._^. ). 

This left (resp. right) projective emergent morphism 7^ (resp. 7^ ) is an isomorphism 
because it is characterized by its representatives ha^- ^ j (resp. haj^^^ ^ j ) given by the triple 

(resp. ^afly.m^.] = {-Pa«y,mj]'''"(-^aHy,mj])'7aHy,mj.]} ) 

where: 



^(-^"LUm ]) (resp. r(Pa^j^^ j) ) is the euclidian distance, from the origin, of a point 
Pa^y^ J (resp. Pafl[j^.] ) projected into the 2n-dimensional semitorus T^^^^t^ (resp. 



J' 

2n 



T 

R\j,mj 



• 7aiy^.] (resp. 7ajj[j„.] ) is a one-to-one correspondence between the point Pa^^y 
(resp. Pany^m-] ) and its projective localization given by r(Pa^y^.,) (resp. r(P„^y^.,; 
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3.3.3 Proposition 

The projective emergent isomorphism 7£xl • -^Say^L ~^ -^Sr-^l j mapping the pseudo- 
ramified lattice bisemispace Xsj^^j^ — GL„(FRxFi) ^ GL„((Z /A^ Z)^) into the correspond- 
ing toroidal compactified lattice bisemispace: Xsj^^^ = GL„(F^ x ^ GL„((Z / N Z)^) , 
is such that Xs^^^ may be viewed as the interior of its compactified corresponding Xsj^^^ 
in the sense of the Borel-Serre compactification. 

Proof: according to definition 3.3.2, the projective emergent isomorphism sends all equiv- 
alent representatives of conjugacy classes into their toroidal compactified equivalents 
t-^' '^i] consisting in products of n-dimensional complex semitori T^[j, mj]xTl"'[j, rrij] . 
The inclusion Xsj^^j^ ^ ^Sr^l ^ homotopy equivalence so that Xsr^^ may be considered 
as the interior of ^5^^^ . ■ 

3.3.4 Double coset decomposition 

A double coset decomposition of the bihnear toroidal semigroup GL„(Fj x Fl) gives rise 
to the compactified bisemispace: 

= ^n(Fji X FJO \ GL„(F^ X FI/gK{{Z/N Zf) 

where P„(Fji x Fji) is the bilinear parabolic subsemigroup of matrices associated with 
the complete (algebraic) bilinear parabolic subsemigroup P^'^'^\F^i x Fji) introduced in 
section 2.4.1. 

Pn{F^i X Fji) has the Gauss decomposition as developed in the following section. 
Remark that 

GK{Fi X Fl) I GL„((Z/7V %f) ^ P^(F^, x Fji) \ GL„(F^ x Ff ) 

since GL„(F^ x FJ)^GL„((Z/A'" Z)^) corresponds to the set of lattices of 
{F^rxiF^r [Borl], [Del3]. 

3.3.5 Definition: Levi and Gauss decompositions for (complex) parabolic sub- 
groups 

P„(Fji) (resp. P„(Fji) ) has the standard Levi decomposition: 

P„(Fj;)=Zn(Fji)-t/n(Fji) (resp. P,(PjO = Z n(Pji) • t/n(Pji) ) 

where: 
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• Z„(FJi) (resp. Zn{F^i) ) is the left (resp. right) centraUzer of Fji (resp. F^i ) in 
T„(FJi) (resp. Tni^FliY C GL„(Fj|^ x Fj) and is represented by diagonal matrices 
d„(FjO (resp. 4(i^Ji) ); 

• Un(F^i) (resp. C/„(Fji) ) is the left (resp. right) unipotent radical of P„(Fji) (resp. 
P„(FZ'i) ) and is represented by upper (resp. lower) unitriangular matrices w„(Fji) 
(resp. Un{F^,Y ). 

Similarly, the complex bihnear parabolic subsemigroup Pji(Fji xFji) = P„(Fji) xP„(Fji) ) 
has the Gauss decomposition: 

P„(FJ, X FJO = (D„(FJ0 • D„(FjO)(^rn(Fji)* • UT^{F^,)) 

according to proposition 2.1.4. P„(F^i x Pjl) is a bilinear normal subgroup of GL„(PjJ x 
Pj) because it is represented by the product of the subgroups of diagonal matrices, iso- 
morphic to maximal (semi) tori, by the subgroups of unipotent matrices [Bor2]. 

3.3.6 Representation spaces of bilinear algebraic semigroups 

a) The double coset decomposition of GL„(P^ x Pj) is a compactified bisemispace Sj^^ 
which corresponds to the representation space Repsp(GL„(Pj' x Pj)) of GL„(Pj x 
Pj) . So we have 

S^l Repsp(GL„(Pj: X Pj)) = G(^")(PJ x PJ) 
since G^^n) (^pT ^ decomposes into conjugacy classes having equivalent represen- 
tatives ^£!^b'>^j] ■ 

b) Considering the Gauss decomposition of GL„(Pj' x Pj) and of P„(Pji x Pji) , we 
can introduce the double coset decomposition of the diagonal part of GL„(P^ x P^) 
which is a compactified diagonal bisemispace noted j^'j] and given by: 

= ^n(Fji X Pjo \ D^{Fi X Pf ) /d^hz /n z r) 

where: 

• Dn{F^, X Pji) c P„(Pji X Pji) following definition 3.3.5; 
. D^{F^ X Pf ) C GL„(P^ X Pj) . 

So, as in a), we can state: 

Repsp(D„(Pj X Pj)) = dW(PJ X Pj) 

with evident notations. 
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c) In the following sections, bilinear cohomology semigroups of will be considered 
with coefficients in complete algebraic representation spaces Repsp(GL„(Fj' x F^)) 
of GL„(FJ X Fj) , 1 < n < oo . 

These representation spaces Repsp(GL„(FjJ x F^)) are GLn{F^^ x F^)-bisemimo- 
dules Mr ® M^^ (see proposition 2.1.4). Now, generally, the coefficients of 
the (bilinear) cohomology are envisaged in (bisemi) sheaf of rings. In this 

purpose, a (semi)sheaf of rings M|.^ (resp. M|,* ) of complex-valued continuous 
functions {XgT ) (resp. {XgT ) ) on the basic conjugacy class representatives 

^r?b',^.- = 0] (resp. g?^[3,m^ = 0] ) of Repsp(7;*(Fj)) (resp. Repsp(r,(Fj)) ) can 
thus be envisaged. 

On M|,^ ® M|? , it is then the bisemisheaf of rings M|.^ (g) M|i^ which has to be taken 
into account (in this context, see also section 3.4.10). 

So, the developments dealing with bilinesir cohomology with coefficients in 

GLi(Fj X Fj)-bisemimodules M|.^ ® M|? , 1 < i < oo , can be easily transposed to 
those with coefficients in bisemisheaves of rings (g) over . 

3.3.7 Definition: Weil algebra of the bilinecir nilpotent Lie algebra 

Let 

PG^z[G] : Repsp(GLi(Fj x FJ)) > Repsp(A(if x FJ)) 

denote the projective mapping of the smooth principal bundle H given by the triple 
(Repsp(GL,(Fj x FJ)), Rcpsp(A(i^J x FJ)),pg^z[g]) and having as fiber 
-^RxL — UTi{F^y X UTi[F^) the product of the unipotent complete subgroups 
UT,{F^Y and [/T,(Fj) . 

Let Lie(J^]j^^^i) = Ui{F^) x Wi(Fj) be the Lie algebra of the fiber T^^^^ . 

The exterior algebra A(Lie(^^^*\^)) on Lie(jF^^*-'j- ) is the algebra of products of differential 

forms of all degrees. A(Repsp(GLj(Fj' x Fj))) will denote the graded differential algebra 

of differential forms of Repsp(GLj(Fj x Fj)) and A(Repsp(F'j(Fj x Fj))) will denote the 

graded differential algebra of differential forms of Repsp(Di(-^zu- ^ -^J)) • 

It is evident that: 

A(Repsp(A(i^J X Fj))) c Repsp(GL,(Fj: x FJ))) . 

Let S'(Lic(jFjj^^-'^)) denote the symmetric algebra on Lie(jF|j^*''^) which can be identified to 
the algebra of symmetric multilinear forms on Lie(jF^^*''^) . 
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Then, the Weil algebra of the Lie algebra Lie(^)jxL) by definition the graded algebra 
[Car]: 

W{Ue{Tt^,)) = A(Lie(^£)j) x 5(Lie(^S^J) . 

3.3.8 Definition 

A connection on the fibered space Repsp(GLj(Fj' x F^)) consists in a bilinear mapping 
fnxL of ^^(^^^{^rxl)) subspace of the elements of degree one of the algebra 

A(Repsp(GLi(Fj x Fj))) . 
fnxL can be extended as a homomorphism: 

f^^L : A{Ue{J^SxL)) > A (Repsp(GL,(Fj x Fj))) . 

On the other hand, according to [G-H-V] and [Car], the connection /rxl generates a 
homomorphism from Is{Lie{J^^^]^)) , which is the subalgebra of invariant elements of 
5'(Lie(^^^*^^)) identified to the algebra of symmetric multihnear forms V(Lie(^^^^^^)) on 
Lie(^^^J^) , into /7^"(A(Repsp(A(-Pf x Fj)))) : this is the Chern-Weil homomorphism 

hn^L : V(Lie(^i'^J) . H'\A{Repsp{D,{F^ x FJ)))) 

were H^^{-) defines a Hodge bilinear (i, i) class also written i + i in section 3.2. 

3.3.9 Proposition 

Let (M|^ (g) M|^) be the representation space of GLi{F^ x Fj) . 

Then, the existence of a biconnection associated with the homomorphism Is(^^c{J-'^!^j^)) 
A(Rcpsp(Dj(FjJ X FJ))) is equivalent to the existence of a nilpotent fiber ^jj^xL 
smooth principal bundle H ^*(Repsp(GLi(Fj x Fj)), Repsp(Di(Fj^ x F^)),pg^i[G\) which 
implies that: 

H^\S''Z. ® M|[) ^ Repsp(GL,(Fj x FJ)) 

only z/Repsp(GLj(FjJ x Fj)) , which is the fibered space of the principal bundle H^*(-, •, •) , 
is an irreducible representation space of GLi{F^ x Fj) . 

Proof: as the connection fuxL can be extended to the homomorphism /jjxL given in 
definition 3.3.8 and generates the Chern-Weil homomorphism Hrxl , it appears that the 
knowledge of Repsp(Dj(Fj x Fj)) , together with the connection fn^L is sufficient to 

p 

know the cohomology H'^^(Sj^^, M^^^^ (g) M|?) [Car]. Thus, the action of a connection 
on Repsp(GLi(FjJ x Fj))) is equivalent to the action of the nilpotent fiber J^^^l 
Repsp(A(-P'J X Fj)) . And, we have that the cohomology H^'(S^^, ® M^J , which is 
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the cohomology of the fibered space, is in one-to-one correspondence with Repsp(GLj(FjJ x 
3.3.10 Proposition 

Let M|?j (g) Mf? be an irreducible GLi(Fj x Fj) -subbisemimodule of {Mtj^ <S> Mt^) , i<n . 
Then, the 2i- dimensional irreducible representation '^'^'^^Fr^l^Fr ^ ^fI) of the product 
of the global Weil groups is given by: 

^ Repsp(GL,(Fj^ x FJJ = H^^s'^^, M^^ ® M^J . 

Proof: indeed, according to proposition 3.1.13, we have that 

H''(S'Z, M|^J = Repsp(GL.(Fj^ x FJJ 

and, according to proposition 2.4.7, we have that: 

IrrW^Z^iWf^ X WfJ = G^''\F^, x F.J . 

So, we are led to the isomorphism: 

Irr <t (W^^H X - H'\Kl, ® M|;J 

because Irr Wp^''^^{Wp^^ x VFp^) refers to not necessarily compact algebraic extensions while 
H'^^(Sf^^, M|.^ M|i^) is the cohomology of the toroidal compactified bisemispace Sj^^ . ■ 

3.4 Langlands global correspondence on the irreducible algebraic 
bilinear semigroup GL„(i^tj X -F^^) 

3.4.1 Proposition 

The cohomology H'^^{S j^'^, M^'^^ (8)M|?^) has a decomposition according to the equivalent 

representatives g!^^^^[j,mj] of the conjugacy classes of the complete bilinear semigroup 
Q{2i)(^pT ^ pT^ according to: 




97 



Proof: 




where G^'^^\F^^ x F^) decomposes according to the equivalent representatives Qt^^j^ "^jl 
of G^^'\F^ X Fj) . So, we get the thesis. ■ 

3.4.2 Corollary 

Let 

he the diagonal compactified bisemispace and let D^'^'^\F^^ x F^) he the diagonal bilinear 
semigroup decomposing into conjugacy classes having representatives Qt^^lIJ] ■ Then, we 
have the following decomposition of the cohomology: 

where (M|^ (D) O M|.^ (D)) = ©(M|i O ) a Di{F^ x F^J-hisemimodule. 

Proof: referring to chapter 1, we note that the conjugacy classes of D^'^'^\F^ x FJ) have 
unique representatives 9^^^^ t-^] ' ^i^^® there is no nilpotent action in the diagonal case, the 
nilpotent action being generated by UT^{F^) x UTi{F^) C GLj(Fj x Fj) . ■ 

3.4.3 Analytic development of the bilinear cohomology H'^'^{Sj^^, ^tI) 

The objective consists now in proving that the decomposition of the bilinear cohomology 
H'^^{Sj^^, (8)M|,* ) corresponding to the representation space of the irreducible bilinear 
general semigroup GLj(Fj^ x Fj") has an analytic development given by the development 
in truncated Fourier series of the product of a "right" 2i-dimensional cusp form by its left 
equivalent. 

As the decomposition of the cohomology if^*(S'^"^, M|.^ (g) M|? ) is given by the sum over 
j and mj of equivalent representatives g^^^^^[j,mj\ = gT^Uj^rij] x gT^''[j,rnj] consisting in 
products, right by left, of i-dimensional complex semitori T^[j,mj] x Tl^[j,mj] according 
to proposition 3.3.3, an analytic development must be given to these semitori as follows: 

3.4.4 Proposition 

Let z='E ZdCd be a vector of {F^^.y and, more precisely, a point ofG^ >{F^.) . 
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Then, every left (resp. right) i- dimensional complex semitorus has the analytic develop- 
ment: 

Tl%mj]c:^xH2i,j,mj)e'^'^^ 
{resp. T2*[j, m,] ~ (2^, j, m,)e-2-^'^ ) 

where • X^{2i, j,mj) ~ j^* • A^^* • (m^^^)^* can be considered as a "global" Hecke 
character; 

• z ^T,Zd \ed\ ■ 

d 

Proof: 

1. The cohomology H'^^{Sj^^, (8)M|.^) corresponds to an endomorphism of Sj^^ into 
itself. Its decomposition into classes " j " with representatives " " refers to the 
cosets of GLj(F^ X FJ)/ GLj((Z /iV Z )^) . So, the scalar A(2i,j, mj) will correspond 
to the eigenvalues of giiOpT x Op+ ) G GLj((Z /iV Z )^) which is the j-th coset 

representative UjR x f/^^ of the product Tji{i;r) ® TL{i;r) of the Hecke operators 
according to proposition 2.2.5. 

More precisely, let {Xci{2i, j , mj)}'^^^^ be the set of eigenvalues of t/j^ x Uj^ and let 

2i 

X{2i,j,mj) — n X(i{2i, j,mj) be the product of these eigenvalues. 

d=l 

According to definition 2.2.4, we have that 

A(2i,i,m,) = n Xd{2i,j,mj) = det(a;,2.,-2 x Dj2.rn.,)ss ^ f ■ N^' ■ {m^'Y 

d=l 

where -Dj2.„ ^ is the decomposition group of the j-th bisublattice with representative 
mj and where Q;i2y2 is the j-th split Cartan subgroup. 

So, it appears that the square root X^ {2i, j,mj) of X{2i,j,mj) can be considered as 
a global Hecke character having an inflation action on e'^'^^^^ . 

2. On the other hand, as we are concerned with the j-th global or infinite complex place 
cuj or uJj , we have to consider the global Probenius substitution for the left (resp. 
right) place cUj (resp. Uj ) as given by the mapping: 

■> e , 



(resp. e 



^2mz 
—2mz 
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^■Kiz j^gjj^g a "circular" function on the completions of g\^'^ [j, mj] according to 
proposition 3.1.3. 

So, the left (resp. right) semitorus corresponding to the equivalent representative 
9t^\^i'^3\ (resp. gT^\3iV[i^ ) has the following analytic development: 

(resp. Tl\3, m,\ ~ (2z, j, m,)e-2-^'^ ) 

taking into account that the n-dimensional complex left (resp. right) semitorus 
Tl^[j,rnj] (resp. T^[j,rnj] ) is diffeomorphic to the i-fold product 

Tl% mj] = T|[j, m,] X • • • X Tl\j, m,] 
(resp. [;•, m,] = Tl^', m,] x • • • x T|[j, m,] ) 

of 1-dimensional complex left (resp. right) semitori Tl[j,mj] (resp. T^Uj^nj] )■ 
These semitori have the analytic development: 

= [j, rrij] X S^^ [j, nij] { za e € , ) 

~ Ad,(l, j,m,) • Ad,(l, j,m,) e^^'^^"^ x e^-^^*^''^) 

where 

• A(ij(l, J, mj)-Ad2(l, J, mj) ~ r^i -r^i is a product of two eigenvalues of C/j^ x C/j^ , 

• rgi and rgi are radii. 

Indeed, the left ID-complex semitorus Tl\j,mj] is diffeomorphic to the product of 
two circles 

and 

localized in perpendicular planes with cos{2mjyd2) and sin(27r(ijyd2) of e^'^'^'-'^'^a) 
defined over ilR . 

This is justified by the fact that a rotation of 90° of the circle S^Jj^rrij] — 
rgi e^'^'-'^^^'^z) over ilR transforms it into the circle 5']^ b^^j] = ''^51 e^'^'-'^^'^z) over 
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IR , localized in the same plane as the circle S^_^ \j, rrij] , according to: 
rot(90°) : [j, m,] . S^^ [j, m,] 

where: 

• b'> ^j] = ^51^ [cos(27rjydJ + i sin(27rjydj] , 
Finally, recall that 

is a Laurent monomial in the variables Zi, - ■ ■ , Z2n ■ ■ 
3.4.5 Proposition 

The cohomology H'^^{S^^, ^^r^ ® '^^^e-' following analytic development: 

where 

EISL{2iJ,mj) = E E Ai(2i,j,m^-)e^'''^'^ 
(resp. EISK(2i, j,mj) = E E A^(2i, j, mj)e-2"J^ ) 

is the (truncated) Fourier development of the equivalent of a normalized 2i- dimensional 
left (resp. right) Eisenstein series of weight k — 2 restricted to the upper (resp. lower) half 
space. 

Proof : 

1. First we recall that the Fourier development of a normalized Eisenstein series is: 

00 

Gk{y) ^ E ak-i{n) 

n=l 

with y e C , g = e^'^'^ , ak-i{n) = E d^~^ and k the weight. 

d\n 
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2. Referring to the development of the cohomology i/^*(S'^" , M|.^ ® ) according to 
the sum over the products of equivalent representatives 9TaxA^'''^j^ ~ ^ 
g^^\j, rrij] = T'^[j, rrij] x T|*[j, rrij] of the complete bilinear semigroup G'*-^*-'(FjJ x F^) 
such that an i-dimensional left (resp. right) complex semitorus has the analytic 
development: 

(resp. [j,m,] ~ X^2i, j,mj)e-^^'^' ), 

we get the searched analytic decomposition of the cohomology in terms of the prod- 
uct ElSji{2i, j,mj) X EISi(2?, j, mj) of the (truncated) Fourier development of the 
equivalent of a normalized 2i-dimensional right Eisenstein series of weight two by its 
left equivalent. 

Remark that the sum (jfc_i(n) = E d^~^ in Gk{y) corresponds in the 2i-dimen- 

d\n 

sional envisaged case to the sum E over the equivalent representatives rrij of the 
classes j . ■ 



3.4.6 Proposition 

The analytic development EISij(2i, j, m^) (8) EISi(2i, j, m^) of the bilinear cohomology 
-//^■'(S*^" , A'/|,^ (g) A'/|,^) is an eigenbif unction of the product of Hecke operators Tji{i]r) ® 
TL{i;r) whose j-th bicoset representative is 

Proof: the cohomology H'^^S j^^, M^^^ (g) M|.].) having coefficients in the GLi{F^ x Fj)- 
bisemimodule M|,^ (E) M|,^ is in one-to-one correspondence with the functional representa- 
tion space FRepsp(GLj(F-J x F^)) of the general bilinear semigroup GLj(Fj' x Fj) . Now, 
GLi(Fj X FJ) is a solvable bilinear semigroup such that we have a chain of embedded 
subsemigroups: 

GU{Fl X Fjj c GU{Fl^^ X F^^J c • • • 
c GU(fI X fJ ) 

C GLi(Fj X F^ ) 

(V 0^1^ ^j-i I^lH hjH l-r/ 

corresponding to the sums of the bicosets of the quotient semigroup 

Xs,^, = GL,(F^ X FD/gUHZ/NZ)') = G^''\F^ x FJ) . 
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The conjugacy class representative (^^^^[j, m^] of G^'^^\F^ x FJ) is obtained throughout 
the action of the j-th bicoset representative f/j^ x Uj^ of the product of Hecke operators 
Tf{{i; r) ®TL{i\ r) according to proposition 2.2.5 since the Hecke bialgebra 7i_RxL(0 > gener- 
ated by all the pseudo-ramified Hecke bioperators, has a representation in GLj((Z /N Z )"^) . 
According to propositions 3.4.1 and 3.4.5, 3.3.10 and 2.1.4, we have that: 

FRepsp(GL,(Fj x FJ)) = G^''\F^^ x FJJ = EIS^(2i, j, m,) ® EISi(2i,i, m,-) 

for the upper value of j = r < oo . 

So, considering the quotient semigroup ^5^^^ = GL„(F^ x Fj)/ GL„((Z/A^ Z)^) is 
equivalent to take into account the action of the Hecke bioperator Tji{n;r) TL{n;r) 
on Repsp(GL„(F^ x F^)) . It then results that EISi^(2n, j, mj) (8) EIS i{2n, j,mj) is an 
eigenbifunction of Tf>{n; r) ® Tiln; r) . 

On the other hand, it is well-known that the Eisenstein series are eigenfunctions of the 
Hecke operators. 

But, for more details on the algebraic spectral representations, see [Pie2] and [Clo]. ■ 
3.4.7 Corollary 

The truncated (bi)series EISRxL(2i, j, mj) = EISi^(2i, j', m^) <S> EISi:(2i, j', m^) is: 

1. a truncated supercuspidal (bi)form over ; 

2. a solvable power (bi) series. 

Proof: 

1. As Fl^i{2i, j,mj) (resp. EISij(2i, j, mj) ) constitutes the i-dimensional equivalent 
representative of the one-dimensional complex truncated Fourier development of 
a normalized Eisenstein series of weight two, which is a (quasi-) modular form, 
EISi:(2i, J, mj) (resp. EISi^(2i, j, mj) ) is a truncated (super) cuspidal form over C* . 

2. As the general bilinear semigroup Ghi[F^ x Fj^) is solvable and as we have that: 

FRepsp(GL,(Fj^ x FJ^)) = EIS«xL(2i, j, m,-) , FJ^ = © © FJ.^^. , 

according to propositions 3.4.6 and 2.1.4, the "Eisenstein" biseries EISj^xL(2i, j, m^) 
will be said solvable. 

We thus have a chain of embedded (truncated) biseries: 
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EISi^xL(2^, = l,m,) C • • • C EISkxl(2z, j-^p = j,m,) 

C---cEISRxL(2z,rP = r,m,) 

where is the upper value of the integer " j " labehng the conjugacy classes. 
This implies the injective mapping: 

Eju, : ElSR^L{2i, = j, m,) > EIS,ixL(2i, = J + 1, m,) 

between two (truncated) biseries such that EISi?xL(2i, j'^p = j,fnj) is an eigenbifunc- 
tion of the Hecke bioperator TR{i;j) ® TL{i;j) while EISRxL(2i, = j + is 
an eigenbifunction of Tji{i;j + 1) ® TL{i]j + 1) . ■ 

3.4.8 Proposition 

The cohomology H'^'^{S2[K^], M^^^ {D)®M^'-^ (D)) of the compactified diagonal bis emispace 
^7,\^}] analytic development: 

EISL(2i,j,0) = E Ai(2i,j,0) e2-*J^ 
(resf>. EISR(2i,j,0) = E A5(2i,j,0) e'^^^^'^ ) 

is a solvable 2i- dimensional left (resp. right) cusp form of weight k — 2 . 

Proof: this is a particular case of proposition 3.4.5 where the number of equivalent rep- 
resentatives of the left and right conjugacy classes is restricted to one. ■ 

3.4.9 Bialgebra of cusp forms i^cusp(<^^^''K^J X ^J)) 

Let L}j~^^(G'^^")(Fjj X F^)) be the bialgebra of complex-valued smooth continuous bifunc- 
tions (pojH^gjji) ® 'p'afi^gji) on the pseudo-ramified bilinear semigroup G'^^"^(Ftj x F^) as 
developed in section 2.5. 
Let 

T^xL : G^'-\h X . G'(^")(FJ x FJ) 
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be the projective toroidal isomorphism of compactification of G*-^""-* (Fu x F^) mapping each 
conjugacy class representative gRx\[j^''^j] G^'^'^\Fu x F,^) into its toroidal equivalent 
g!^^^^[j,mj] according to proposition 3.3.3. 

It is evident that generates Ll^^p{G^'^'^\F^ x -Fj)) in such a way that the bialgebra 

of smooth continuous bifunctions ^l?"'' (XaT ) ® (f)f:J^^ (x t ) on the pseudo-ramified toroidal 

bilinear semigroup G^'^"-\F-^ x FJ) is the bialgebra of cusp forms Ll^Jp{G^'^''''\F-^ x Fj)) . 
On the other hand, the projective toroidal isomorphism maps each bifunction 4>G^\xg^^)® 

4'G^\xgj^) G L]^^^^{G''^'^\F[j X Fi^)) on the conjugacy class representative fi'/jxib; ''^i] ^ 
G'(2")(Fj^x F^) into its toroidal equivalent (l)^p{XgT )®(l)^p{XgT ) e Lj-^G^^") (Fj x Fj)) 

on the conjugacy class representative ^T^j^ [j, e G'(^")(Fj x Fj) in such a way that: 
according to proposition 3.4.4. 




= © ©(A2(2n, j,mj) e"^''*-''^ Or, As (2n, j, mj) e^'^''?'^ 

= EISij(2n, j,mj) EISL(2n, j, mj) 

is the (truncated) supercuspidal biform on the pseudo-ramified toroidal bilinear semi- 
group G(^"^(FJ^ X FJ) given by the product, right by left, of the equivalent of 2n- 
dimensional Eisenstein series. 



3.4.10 Proposition 

Let RG(2n)(FZxF'^){4'nT^ ® 0^?"^) denote the integral operator on cusp biforms (0^t'' ® ^i^r^) 
over the pseudo-ramified toroidal bilinear semigroup G^'^'^\F^ x Fj") . 
Then, the trace formula of this integral operator is given by: 

tr(i?G(2n)(^T,^T)(0g^) ® = vo1(G(^")(FJ X i^J)) E E A(2n, j, m,) 

2n 

where X{2n, j,mj) = n Xd{'2n, j,mj) is the product of the eigenvalues X(i{n, j,mj) of the 

d=l 

j-th coset representative of the product, right by left, of Hecke operators. 
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Proof: Indeed, according to section 2.5.18, the trace of this integral operator can be 
developed as follows: 

tr(i?G(2n)(FTx^T)(0j^T^ ® 

= e V0l(G(2")(Fj X Fj)) / ) ®n (p^ix.r ) dx^r dXgT 

= © vol(G'(2»)(Fj: X Fj)) / A^(2n,j,mj) e"'"'^'" A^(2n, j, m,) e^"'^'" dx t dx t 

j,mj JG^'in) 

~ vol(G'(2")(Fj: X Fj))(EIS,i(2n,j,m,),EISi,(2n,j,m,-)) 
= vol(G(2'^)(F^xFj)) E A(2n,j,: 



where (ElSfl(2n, j, mj), ElSL(2n, j, mj)) is a bilinear form from Irr cusp(GL„(Fj x Fj)) = 
EISi?xL(2n, j,mj) to € . ■ 



3.4.11 Proposition 

Le^ L^~^^(P(^"')(Fj^i x Fjji)) &e ^/le bialgebra of complex-valued bifunctions on the bilin- 
ear parabolic semigroup P(^"')(Fj^i x F^^i) and let L]j~^^(p(^")(Fji x Pji)) be its toroidal 
equivalent obtained by the projective toroidal isomorphism 7^xl • 

Let Rp(2n)i^pT (g) (f)pT^) denote the integral operator on bifunctions E 

Then, the trace formula of this integral operator is given by: 



tr{Rp(2n)^pT y,pT ){(p'- T ® 0pT )) 

= vol(p(^«)(Fj. X PJO E E / xU,^^ dxp^^ dx 



= vol(p(2")(pi; X PJO) S E A,(2n, J, mj) 

j mj 



where 



• Xj,mjj^ ^ '■ ^Pin ^^Pii^ ~^ ^^pT\-^PjR)'^D(p^pT\xpj^) is a (bi) character on the irreducible 



3R JL 



equivalence class representative P(^"^(PZ1 x F\ ) ; 

Xj{2n, j,mj) is the "unitary" Hecke character restricted to P(^"^(PZ1 x Pji 
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Proof: This formula corresponds to the trace formula of proposition 2.5.13 submitted to 
the toroidal projective isomorphism 7£xl ■ ■ 

3.4.12 Proposition 

Let 

tr(i?(j(2n)(Fj:xFj)))(0G|^ ® 4>Gl) 

be the trace of the integral operator on cusp biforms (4>^^t^ ®4>^^t^) over the pseudo-ramified 
toroidal bilinear semigroup G^^") [F^ x Fj) and let 

= vol(p(2")(Fj, X FJO E E / Xj,m,,^, dx,^^ dx,^^ 

3 J 

be the trace of the integral operator on bifunctions over the bilinear parabolic semigroup 

Then, the trace of the integral operator on pseudo-unramified cusp biforms (0^tL ®0!^tL) 
over the pseudo-unramified toroidal bilinear semigroup G^"^"^^ i-^S^^ ^ ^oj^^) ^■^ given by: 



nr '-iV (P„T,nr 
r 



(vol(G(^")(Fj^ X Fj)/vol(p(^")(Fj. X FJo) S E A(2n, j, m,)/A,(2n,i, m,) . 

\ / / j m-j I 



Sketch of proof: This results from the action by convolution of the unitary opera- 
tor R(P'^'^^\F^i X FJi)) on the bifunctions of the pseudo-unramified bilinear semigroup 
QC^n) (^pT,nr ^ pT,nv^-^ ^s developed in proposition 2.5.12 and, more precisely, from the 



map: 



Ggl^.,„. : G(2")(Fj X Fj)) . G^'-\F^'-- x FJ'-) 

whose kernel is Ker(G'5^?^pT,„J = p(2n)(^7;,nr ^ pT^r^ ^ developed in section 2.4.1. 
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3.4.13 Proposition 

Let 



be the involution map as introduced in section 2.5.4 transforming the cusp biforms of 
^U(G^'"H^JxFj)) into the cusp biform 4>'§^{x^T)®<t>'§^{x^T^ ) of ^^^(G('-\FJ x F^)) 



3L 



localized in the upper half space. 
Then, the trace formula 



L 

of the integral operator on cusp biforms {(j)QT^ ® (f'QT^) leads to the Plancherel formula: 



dXgT = E E 

^ 3 "^j 



r(2n) 



where 



• 0^"^ = X2(2n, j,mj) can be considered as a global Hecke character; 

• the sum over j and rrij runs over the conjugacy class representatives of the pseudo- 
ramified algebraic semigroup G^^n) (^pT ^ localized in the upper half space. 



Proof: According to proposition 3.4.10, we have from the following trace formula: 



the equality 



u> j 



dx^ 



dx. 



\'^{2n,j,mj 



If we take into account that 
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/.{2n), 



(ix T expressing the develop- 



ment of the integral of the square of the cusp biform (l)^^\xgT) according to the 
squares of the cusp subbiforms ^^"''(XgT ) on the conjugacy class representatives 



9t^^ [, rrij] of the pseudo-ramified bilinear semigroup G^^"^) [F^ x Fj) ; 



= Xl{2n,j,mj) , 
we get the searched Plancherel formula 



/ 



{(p'aTiXgT) 



dXgT = E S 



r(2n) 



We can then consider the following Langlands global correspondence. 

3.4.14 Proposition 

On the compactified lattice bisemispace 

Xsn.. = GL„(F^ X Fj))/GL„((Z/iV Zf) , 
there exists the global Langlands correspondence; 



IrrRepg {Wf^xWfJ 



Irrcusp(GL,(FjxFj)) 



EISijxL(2i,j,mj) 



T 



109 



• from the sum of the products, right by left, of the equivalence classes of the irreducible 
2i-dimensional Frobenius semisimple Weil-Deligne representation Irr Rep[^^ O^f^j^ ^ 
Wp^^) of the bilinear global Weil group {Wp''^ x H^^^) given by the algebraic bilinear 
semigroup G^^'\Fj;j^ x F^^)) 

• to the sum of the products, right by left, of the equivalence classes of the irre- 
ducible cuspidal representation Irr cusp (GLj(Fj" x F^)) of GLi{F^ x Fj) given by 
2i- dimensional cusp biforms EISijxL(2i, J, rrij) , in such a way t/iat Irrcusp(GLj(Fj'x 
Fj)) = Irrcusp(GL,(Fj XFJJ) . 



Proof: we start with Irr Rep(^^ (W^f^ x Wp'^) which was proved to be equal to the alge- 
braic bihnear semigroup G^^'^(Fijg, x F^^g,) in proposition 3.3.10. Then, a toroidal compact- 
ification maps G^^')(Fjx7g, x F^^) into its compactified toroidal equivalent G^^'^(Fj^ x F^) 
according to sections 3.3.2 to 3.3.3. The analytic development of the compactified bihnear 
semigroup G^'^'^\F^^ x F"^^) is given by the product of the (truncated) Fourier development 
of a normalized 2i-dimensional cusp form by its left equivalent: EISijxL(2i, J, . So, we 
get the searched bijection: 

Irr Repg^^^^ {Wf^ X - Irr cusp(GL,(Fj x FJ)) . 



( If}) 

3.5 Langlands global correspondence on the boundary dXg^^^ 

of the irreducible compactified lattice bisemispace Xs^^j^ 
3.5.1 Definition: the boundary of the Borel-Serre compact ificat ion 

Let 7rxl • ■^SRy,L ~^ -^Srxl t»c the projective emergent isomorphism, as introduced in 
proposition 3.3.2, which maps the lattice bisemispace X^^^^ into its compactified toroidal 
correspondent -^s^^l ^^'^^ that X^^^^ can be considered as the interior of ^^^^l ^he 
context of the Borel-Serre compactification. 

Then, the boundary SX^^^^ of Xs^^^ will be defined as resulting from the inclusion 
morphism: 

sending Xsr^^ = GL„(F^ x Fj) / GL„((Z /N Z = GL^^Fl x Fj) to its real boundary 
dxfl^ = GL„(F+'^ X F+'^)/GL„((Z/iV Zf) = GL^{F^^^ x F^) , where F+'^ = 
{^vif^ • • • > ^vj's^mj^ ' ■ ■ ■ ' ^vrf} covers its complex equivalent Fj . 
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By this way, each complex diagonal conjugacy class representative g!^l^\j,mj = 0] (resp. 
gT'j^\j,rnj = 0] ) of Xsj^yj^ is covered by the set of nij^ real conjugacy class representatives 
{grills, rrij^Wra^^ (resp. {^^^[j^, m^J}^^.^ ) oi dxf^^^ . 

The morphism 7|(.xl • -^Srxl ~^ ^-^Sr^l such that there is a one-to-one correspon- 
dence between the left (resp. right) points -P^j^-^ , (resp. Pjj^^^,^ ) ofdXsj^ (resp. dXsj^ ) 

and their "real" equivalents on dX^^^ (resp. dX^^^ ). 

3.5.2 Definition: the double coset decomposition of the equivalent of the 
Shimura bisemivariety dS^^ 

The inclusion morphism 7^xl result that the double coset decomposition 

= Pn{F^^ X FJO \ GMFj X )/GL„((Z/iV Z)2) 

of GL„(FJ X FJ) corresponding to Xsj^^j^ is transformed into the following double coset 
decomposition 

dS^Kr. - PniF^l^^ X F+'^) \ GW(F+'^ X F^+'^)/GU((Z/iV Z)^) 
where Pn{F^i'^) (resp. P„(F_'i^''^) ) is the standard left (resp. right) parabolic subgroup 



over the set of real irreducible completions Ft'^ (resp. FJ^'^ ) (see section 2.4.1). 



p 

dSj^^ is the equivalent of a Shimura (bisemi) variety because [Del2], [Harl]: 



• it is dependent on the morphism 7pxL sending a "complex" bisemivariety Xg^^^ into 
a "real" bisemivariety dX^^^^ ; 

• it is defined with respect to an open compact subgroup Pn{F^i''^ x F^t'^) • 
3.5.3 Proposition 

Let M^_^ (g) M|j^ he a {B3r ® B^i)-bisemimodule where B3r ® B^i ~ Ti{F^''^f x Ti{F+''^) 
is a tensor product of division semialgebras and let ® ^li^ ^ GLi(F^'^ x F^J^) - 

bisemimodule where F^^ is given by 

p 

Then, the bilinear cohomology of the equivalent of the Shimura bisemivariety dSj^^ is the 
Eisenstein cohomology: 

H'^idKl, ® M|; ) = G^'\F-:f X F+/) 
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in bijection with the 2i- dimensional real irreducible representation IrrRepL {W'^+ x 
W^+) of the product, right by left, of global Weil groups. 

Proof: 

• This proposition is a transposition of proposition 3.3.10 to H'^'^{dSf^^, •) . 

• The fact that H'^^dS^ ,M'^_ ® M|.* ) is the Eisenstein (bihnear) cohomology 
resuhs from the works of G. Harder and J. Shimura [Har2], [Sch]. 

• the global Weil groups W'^+ and W'^+ referring to finite real algebraic extensions 
can be defined as they were introduced for complex algebraic extensions in definition 
1.1.9. 

Then, referring to proposition 3.3.10, we can state that: 

IrrRepg')^ {Wf^ x Wf^) = G^^'Xf^ x F+J 



3.5.4 Proposition 

The cohomology H'^'^(dS j^^, M^^ (g) M|? ) has a decomposition according to the equiv- 

alent representatives fi'^^l^^ [j<5, "n^ja] of the conjugacy classes of the real bilinear semigroup 
X according to: 



Proof: this is an adaptation of the real case of proposition 3.4.1 since 
3.5.5 Proposition 

The Eisenstein cohomology H^^(dS^ , M|? ® Ml ) has a power series representation 
given by the product of a right 2i-dimensional global elliptic semimodule ELLIP^(2i,_75, rUj^) 
by its left equivalent ELLIPi(2i, jj, mj^) according to: 

H'\dXlM' ®Ml )=ELLIP«(2^,j5,m,J®(B)ELLIP42^,j5,m,J 
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where 

t 



with 



js=l rajg 

ELLIPfl(2i,j5,m,-J = © © Ai(^,J^,m,■Je-2-^■^- 



X = T, XcCc a vector of {F^. )' and more precisely a point ofG^'^\F^. ) = g^l^ljsTvnjs] 

i 

and X = T, Xc led ; 

c=l 



X{i,js,mj^) = n K{hjs,mj^) a product of eigenvalues Xc{i, js,mj^) of gi{Op+,T x 
^ )eGL,((Z/7VZ)2) _ 



Proof: since (yf^^[j5,mj^] (resp. gr^li&^'^js] ) ^ i-dimensional left (resp. right) real 
semitorus, it has the following analytical development: 

Ti[3s,m^,]^\^{i,3s,m^y^'^^^ 
(resp. Ty\j5, ruj,] = (i, j^, m.Je-''^'^'^^ ) 

where 

Khjs^mj^) = n Xc{iJs:mj^) = det(Q;i2.(j^)2 x %,)2;^2 ~ . (^)2« 

C=l ■'i' 

is a global Hecke character since the \c{i,js, f^js) are eigenvalues oi gi{0 p+,T x O^+.t ) 

which is the j^-th coset representative of the product of Hecke operators (see propositions 
3.4.4 and 3.4.5). 

X^{i,js,mjg) has an inflation action on e^'^*-'*^ leading to the existence of a global elliptic 
semimodule ELL1P(., .,.) . 

On the other hand, S'-r^ [j^, ""^jj (resp. gxlUs^rnj^ ) is deflned on the real left (resp. right) 
place Vjg (resp. Vjg ) implying the global Frobenius substitution: 

(resp. e-^^^'^ > e'^^mx 

Note that these 2i-dimensional left and right global elliptic semimodules ELLlPL(2i, j^, rajg) 
and ELLlP/j(2i, j,5, m^^) are the 2i-dimensional equivalents of the 2-dimensional global el- 
liptic semimodules introduced in [Pie3] (see also [Ande]). ■ 
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3.5.6 Characters and extended bicharacters 

The functions Xc — > e^'^^^^^" from the real line, i.e. the irreducible central real completion 
Fji , to the complex numbers of modulus one, are characters if they satisfy the identity 
xi^cUc) — xi^c) 'XiUc) ■ In the bilinear context considered here, the characters are replaced 
by extended bicharacters defined as follows: 

If x^ ■x'^ = — (xc)^ denote a bipoint of the real irreducible completion F^i x , i.e. the 
product of a point = x^. by its symmetrical ,x+ = —Xc , Xc G , then an extended 
bicharacter x+{^t) ' X-{^c) ^ continuous bifunction 

X+-X-- ■ x~ 

> A5(l, j5,m,J ■ X A^(l, j5,m,J ■ e^"^'^^^^ = A(l, j5,m,J 

from F^i X Ft to the product of the complex numbers X^{l,js, rrij^) ■ e^^^^^^" of modulus 
7^ 1 by their complex conjugates where A(l, j^, rrij^) is generally an eigenvalue of a product 
Uj^^ X Ujg^ of Hecke operators. 

3.5.7 Proposition 

The 2i- dimensional global elliptic bisemimodule ELLIPij(2i, js, mj^)®(£))ELLIPL(2i, js, rrij^) 
is: 

1. a solvable power biseries, constituting an irreducible (super) cuspidal representation 
of the (truncated) (super) cuspidal biform ElSnxhin, j,mj — 0) ; 

2. an eigenbif unction of the Hecke bioperator Tji{2i;t) ®Ti(2i;t) . 
Proof: 

1. The fact that ELLlPji{2i,js,mjg) ELLIP L{2i, js, ruj^) is a solvable power biseries 
results from: 

Repsp(GL,(F+/ x = ELLIPrxl(2z, j^, 

where ELLIPijxL = ELLIP^ (g) ELLIPl (see proposition 3.4.7). 

ELLlPji{2i, js,mjg) <^ ELLIP L{2i, js, ruj^) is an irreducible supercuspidal representa- 
tion of EIS Rx L{2i, j,mj — 0) due to the morphism 7^xl ■ -^Sr^l ~^ ^-^Sr^l related 
to the generation of the boundary of the Borel-Serre compactification according to 
definition 3.5.1. 
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2. The proof that ELLIPijxL(2i, ja, mj^) is an eigenbifunction of the Hecke bioperator 
TR{2i;t) ®TL{2i;t) can be handled as in proposition 3.4.6. 

Let us yet note that the j'^-th bicoset representative of TR{2i] js)®TL{2i] jg) is given, 
with evident notations, by : 



3.5.8 Bialgebra of elliptic semimodules i^ELLip(<^^^'H-^/'^ X 

As in section 3.4.9, we can introduce a bialgebra -^ellip(^*^^'''(-^f"'^ ^ -^/'^)) complex- 




toroidal bihnear semigroup G^'^^\F^''^ x from the corresponding bialgebra 

-^ijxL(^*^^*''(-^«j^ X of smooth continuous bifunctions on the pseudo-ramified bihnear 

semigroup G^'^'^\F^ x F+) under the action of a projective toroidal isomorphism. 



Then, each bifunction on the conjugacy class representative S'T^xit-^'^' ^ G^^\F^''^ x 
is given, according to proposition 3.4.5, by 




and the sum of all bifunctions on the conjugacy class representatives of x F^''^) : 




= ELLIPii(2i,j5,mjJ ®^d) ELLIPL(2i, j^, m^J 

is the (diagonal) product of a right 2i-dimensional global elliptic semimodule 
ELLIPi^(2i, j,5, m^^) by its left equivalent ELLIPi(2i, j^, mj^) . 

3.5.9 Proposition 

Let RQ(2i)rp+:T ^p+,tA(I)^^^ ®(t)QT ) be the integral operator on elliptic hisemimodules (^^t ® 
(f)^^T ) over the pseudo-ramified toroidal bilinear real semigroup x F^J^) . 
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Then, the trace formula of this integral operator is given by: 



Sketch of proof: This is an adaptation of the trace formula tr(i?(3(2i)(^T>^pT) {4>qt ^^^qt) 
developed in proposition 3.4.10 to the real case. ■ 



3.5.10 Proposition 

On the boundary dX^^J^^ = GLi(F+'^ x / GLi((Z /N Z )^) of the compactified lattice 
bisemispace Xsj^^^ , there exists the Langlands global correspondence: 

IrrRep[?:i iWf+xWf+) > IrrELLIP(GLi(F+'^ x F/'^) 




• from the sum of products, right by left, of the equivalence classes of the irreducible 2i- 
dimensional Frobenius semisimple Weil-Deligne representation Irr Rep|^i {W^+ x 

W^X) of the bilinear global Weil group {W^+ x given by the algebraic bilinear 

real semigroup G^'^'^\F^^ x F;^^)) 

• to the sum of the products, right by left, of the equivalence classes of the irreducible 
elliptic representationlriELUF{GU{Fy x o/GLi(F+'^ x F„+'^) given by the 
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2i-dimensional solvable global elliptic bisemimodule ELLIPKxL(2i, j,5, mj^) in such a 
way that Irr ELLIP(GLi(F+'^ x = ELLIPRxL(2i, js, m 



'35/ ■ 



3.5.11. The n-dimensional irreducible global Langlands correspondences can be 

summarized in tlie following diagram: 

IrrRepU;|^^jW^^^ x Wf^)) > Irr cusp(GL„(Fj x Fj)) 



IrrRepiJ"^^ {Wf+xWf^)) , IrrELLIP(GL„(F+'^ x 

RXL 
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4 Langlands global correspondences for reducible 
representations of GL((2)n) 



4.1 Reducibility of GL^2)n{Fuj X F^) 

4.1.1 Definition: Partial reducibility of GLr^{F^ x F^) 

Another way of constructing admissible representations of the general bilinear semigroup 
GLn{FjjX Fi^) is to consider a partition n = ni+n2 + - ■ ■+nf + - ■ ■+ns of the integer n , n£ & 
N , ne < n E N , leading to the representations Rep(GL„^(F(;jX F^^)) of GLn^^FjjX F^) , for 
1 < i < s ,m such a way that Rep(GL„^(F(xrxFt^)) constitutes an irreducible representation 
of GK,{Fjj X F^) . 
The tensor product 

Rep(GL„,(F^ X F^)) ® • • • ® Rep(GL„,(F^ x F^)) ® • • • ® Rep(GL„^(F^ x F^)) 

may not be irreducible but it has an irreducible quotient given by the formal sum: 

Rep(GL„=„^„i — 

= Rep(GL„,(F^xFj)ffl--- 

ffl Rep(GL„,(F^ X F,)) ffl • • • ffl Rep(GL„^(F^ x F,)) 

which constitutes a partially reducible representation of GL„(Ftj x F^) . 

4.1.2 Definition: complete reducibility of Rep(GL2n(-FaF X -Fw)) 

If the partition 2n = 2i + 22 + ■ ■ • + 2^ + • • • + 2„ of 2n , 2^ = |2| , is considered, then the 
tensor product 

Rep(GL2,(F^ X F^)) ® ■ ■ ■ ® Rep(GL2„ (F- x F,)) 

of representations of GL2^(Fjj x F^) , 1 < i < n , must be taken into account. This tensor 
product has an irreducible quotient given by the formal sum: 

Rep(GL2n=2i+-+2f+-+2„(-FaJ X F^)) 

= Rep(GL2,(F^xFj)ffl--- 

ffl Rep(GL2,(F^ X F^)) ffl • • • ffl Rep(GL2„(F^ x F^)) 

which constitutes a completely reducible representation of GL2„(Ftj x F^^)) decomposing 
into the direct sum of irreducible representations Rep(GL2(,(Fi^ x F^^)) , 1 < £ < n . 
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4.1.3 Proposition 



Let 2nL = + + • • • + 2fe^ + • • • + 2^^ + • • • + 2„^ (resp. 2nR = 2i^ + 22« + • • • + 
2fcH + • • • + 2^^ + • • • + 2„^ ) be a partition of 2nL (resp. 2nR ) labeling the irreducible 
representations ofT2ni^{F^) (resp. 7|„^(-^a;) )■ Then: 

n 

1. Rep(GL2„=2i+...+2i+ - +2„(-^<:jXF^)) = ^ffl Rep(GL2^(FjjXF^)) constitutes a completely 
reducible orthogonal bilinear representation ci/GL2„(Ftj x F^^) . 

2n 

^. Rep(GL2„,,,(F^ X F^)) = ffl Rep(GL2,^^ JF^ x F.)) 

Rep(T2^ (-^w) X T2^^ (F^j)) , where GL2^^ ^ is another notation for GL2^ , constitutes 
a completely reducible nonorthogonal bilinear representation of GL2n{Fij x F^)) . 

Proof: if we consider the decomposition of GL2n{Fu x F^) into a product of trigonal 
semigroups according to: 

GL2„(F^ X F^) = T2*„JF^) X T2„JF,) 
and the partitions of 2nL and 2nR as envisaged in this proposition, we have that: 
Rep(GL2„^, JF^ X F,)) 

2n \ / 2n 

^ ffl^^Rep(rijF^))j ® (^^ ffl^^Rep(r2,jFj) 

2n 

ffl _Rep(GL2,(F^xF,))^ ffl Rep(T*,jF^) x T2,JFJ) 



where GL2,(F^ x F,) = ^^^(i^ar) x r2,^(F,) . 

Rep{GL2njixL{Fu x F^)) then decomposes diagonally according to the direct sum of irre- 
ducible representations 
Rep(GL2^(Fij X F^)) leading to a completely reducible orthogonal bilinear representation 
of Rep(GL2„(F^ x F,)) if ffl Rep(T4 (F^) x T2. (F,)) = . 



4.1.4 Corollary 

1. The representation of the general bilinear semigroup GL„(F^ x F^) is partially 
reducible if it decomposes according to the direct sum of irreducible bilinear repre- 
sentations Rep(GL„^(F£j X F^)) . 

2. The representation of the general bilinear semigroup GL2n{FuX F^) is orthogonally 
completely reducible if it decomposes diagonally according to the direct sum of 
irreducible bilinear representations Rep(GL2^(Fjj x F^^)) . 
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3. The representation of the general bilinear semigroup G\j2,i{Fjj^ F^S)) is nonorthogo- 
nally completely reducible if it decomposes diagonally according to the direct sum 
of irreducible bilinear representations Rcp(GL2^(-Fni x F^)) and off diagonally accord- 
ing to the direct sum of irreducible bilinear representations Rep(T2^^(Ft^) xT2^^ {Fuj)) ■ 



4.1.5 Lemma 

Let X'^^ ^ = GLn{FRX Fl))/ GL„((Z / N Z^) denote the lattice bisemispace as introduced 
in definition 2.3.1, and let 

= Repsp(GL„=„^+,.,+„^(Fij x FS) 
he the partially reducible lattice bisemispace. 

Then, we have that the bilinear cohomology of decomposes according to: 

2n ^ — ' 

^*/j^2n=2ni+...+2n,N ^ //2n,(j^2n M^"^ ® M.^^M 

^R^L 2ne=2ni ^R^l " 

where M^"^ (resp. M^"*) ) is the left (resp. right) Tn((F^)-subsemimodule M^"^ (resp. 
T^^(Fjj)-subsemimodule M^"* ) of complex dimension . 

Proof: this results from the partial reducibility of x2n=2niH— •+2ns from the equality: 

H'^n.^Xf^^^.Mp ® Mf = Repsp(GL,,(Fz:, x F^)) 
if we refer to section 3.2. ■ 



4.1.6 Proposition 

Let 

^2n=2i+...+2„ ^ GL2„=2,+...+2„Ax Fj/GW=2.+...+2„((Z/iV Zf) 

he the orthogonal completely reducible lattice bisemispace and let X'l"'^^'^'^^ be its nonorthog- 
onal correspondent. Then, we have the following decompositions of the bilinear cohomolo- 
gies: 

a ) (X2« , M^ri ^ j^2n) ^ //2 ( J^2n ^ J^^R ^ ^^^^L ) . 
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Rx L 2^ 



L ' 



where 



(g) M|" = © {M^r'^ ® M^*"- ) i5 the completely reducible orthogonal 



GL2„=2i+...+2„(-P'ar X F^)-bisemimodule M|" ; 

M^"«®2M^^= © (mJ'«®M^'^) © (mI'^'^mI''^) is the completely 
reducible nonorthogonal GL2nflxL(-^w- x F^^) -bisemimodule M"^'^ ® M^"^ . ■ 



4.1.7 Proposition 

Let CY^"^*(Xk) ('res]?. CY^"'^(Xj^) ^ 6e an algebraic semicycle of complex codimension 
over a right (resp. left) semischeme Xr (resp. X^ ) isomorphic to the pseudo-ramified 
lattice semispace Xg^ (resp. Xg^ ). 
Let 

CY''^^{Xr) X CY2"^(Xi) = © ©(CY2"*(Xfl[j,m,-]) x CY^^^{XL\j,m^])) 

j ruj 

~ Repsp(GL„,(Fi^g, x F^^^)) 

be the product, right by left, of these algebraic semicycles decomposed according to their con- 
jugacy classes (see section 1.3) in such a way that GY'^'^'-[Xji) x CY'^'^^[Xl) is isomorphic 
to an algebraic bilinear subsemigroup G'^'^'^'^\F^^ x F^^) . 
Then, we have the following decompositions of the bilinear cohomologies: 




~ ©© ©(CY2"^(X«[7-,m,-]) X CY2"^(Xi[7-,m,-])) 

ni j rrij 

~ ©© ©(CY2^(XK[j,m,]) X GY^^{XL\j,m^])) 

2(, j ruj 
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~ © (B(B{CY^'{XR\j,mj])xCY''{XLlj,mj])) 

© © © © © (CY2'=H(XKbR,^.«]) X CY2^^(Xi[7L,m,J)) 

ftem^' egua/ to ^/le sums of products, right by left, of the conjugacy classes, counted with 
their multiplicities, of the irreducible semicycles. 

Sketch of proof: indeed, i/^n.^^j^^ ^ j^^g ^ ^2n,^ ^ Repsp(GL„,(F^3 x F^^)) = 
© ffi(M^J^^ (g) M^^"**^ ) where M^J^^ (resp. Mj^"^ ) is the conjugacy class representative 

J 'J J 'J 3 

g'^% mj] (resp. g'^% rrij] ) e G'^^(F^ x . 



4.2 Langlands global correspondences on the reducible 
compactified bisemispaces X ^ ^ and dX^"^^"^ 

4.2.1 Definition: reducible compactified-Iattice bisemispaces 

Let 



j^2n=2niH h2ns j^2n=2iH h2„ g^j^d J^2ni{X2ni 



be respectively the partially reducible, orthogonal completely reducible and nonorthogonal 
completely reducible lattice bisemispaces as introduced in lemma 4.1.5 and proposition 
4.1.6. Then, we define the projective emergent isomorphisms of toroidal compactifications: 

c(2n) . -^2n=2ni+-+2ns 
T=^2n=2ni H \-2ns 



> = GL„=„,+...+„^(F| X Fl) GL„=„,+...+„^((Z/iV Z)2) , 



c(2n) . iiA2n=2i+-+2„ 



^'ir'"^'" = GW2,+...+2„(Fl X Ff)/GW2,+...+2„((Z/7V Z)^) , 



c(2ni{X2ni) . ■i^-2nflX2ni 

. Xllll'''' = GL2.,x2nJi^^ X Ff )/GL2„,x2nJ(Z/iV Z)^) , 

mapping these reducible lattice bisemispaces into their toroidal compactified equivalents 
in the sense of proposition 3.3.3 with the evident notations: 

niH hria lis, -^^i 



x: ^ ' ' = m X 

ni=ni 
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4.2.2 Definition 

The double coset decomposition of the reducible bilinear general semigroups are given by: 

-^Pn=ni-\ \-ns 

Kn=ni-\ \-rts 

= Pn=ni+-+nsiF^i X -^Ji) \ GL„=„^+...+„^ (F^ X FJ) ^ GL„=„^+...+„^ ((Z /A?" Z)^) , 

K2n=2j^ + --+2n 

= P2„=2,+...+2„(ifi X FJO \ GL2„=2,+...+2„(F| X )/ GL2„=2,+...+2„ ((Z /TV Z )^) , 

= -P2nflX2ni,(-f'Ji X FJi) \ GL2n«x2ni (-^R X Fj)y^ GL2nHx2ni ((^ ^)^) , 

with the notations of definition 3.3.4. 

4.2.3 Definition: induction 

If the double coset decompositions of the reducible bilinear general semigroups are con- 
sidered, there are evident inductions respectively from the representations of the complex 
bilinear reducible parabolic subgroups: 

Fn=m+-+n.(-^Ji X FJi) , P2n=2i+-+2„(-P'Ji X FJi) and F2nflX2ni (-P'Ji X FJi) 

and from the respective representations of the bilinear reducible arithmetic subgroups: 

GL„+...+„,((Z/iVZ)2) , GL 2n=2iH 1-2„ 

((Z/iVZf) and GL2n«x2n,((Z/iVZ)2) 
to the respective representations of the reducible bilinear general semigroups: 

Gljn=ni-\ hris , GL2n=2iH 1-2„ ^ud GL2n^x2nz, ■ 

4.2.4 Proposition 

Let 

2ri^=2ni 

> GY^^(Xr) X CY^"(Xi) = ®CY^'*^(X^) X CY^"^(X^) 
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be the projective emergent isomorphism of compactifications applied to a product, right by 
left, of 2n- dimensional partially reducible semicycles such that CY^'^(Xl) (resp. 
CY^"*(Xi?) ) be a ne- dimensional complex semitorus T^"* (resp. T'^^ ). 
Similarly, let 



and 

> CY^"«(X«)xCY^"^(Xi) 

be the two other considered projective emergent isomorphisms applied to products of com- 
pletely reducible semicycles. 

Then, we have the evident decompositions of the cohomologies: 

~ ee e(CY^"^(X^[j,m,]) x CYp{XL[j,m,])) 

ne j rrij 

^ © © ®(CY^'«(Xfl[i,m,-]) X CY5fMXi[j,m,-])) 

2£ii=2£l j ruj 



fc^^^^ ^ A2„^x2£i' Tflgj Tie- 

~ ® ©®(CYj«(X«[;-,m,]) xCYj^(Xi[j,m,-])) 

© © © © © (CY?!=«(XrL7k,^.«]) X CYj^(XiL7L,^i.])) 

being equal to the sums of products, right by left, of the equivalence classes, counted with 
their multiplicities, of the irreducible semicycles. 
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4.2.5 Proposition 

• If Zni — H ^niipi) l^al e C"^ ; then every left (rcsp. right) ne- dimensional complex 
semitorus has the analytic development: 

{resp. rl"1jfl,m,J ~ Ai(2n,,ifl, m,J e-^-^^^"^ ). 

• On the other hand, let 

EISL(2n^, jL, mjj = S S {2ne, Jl, mjj e^^'^^'-e 

jL=l ruj^ 

{resp. EISR{2ne,jR,mjJ^ h E xH2ne, jR,mj^) e'^'^'^^'-e ). 

jR=l rrijj^ 

he the (truncated) Fourier development of a 2ne- dimensional left (resp. right) cusp 
form of weight k — 2 restricted to the upper (resp. lower) half space. 

Then, we have the following analytical developments of the bilinear cohomologies: 
. i/*(5j7-;:;^ = ®{ElSn{2ne,jn,m,,)(^ElSL{2ne,h,mj,)) ; 

• ^'"(^?;:4;:.;t,^lL = , © (EIS«(2,„j«,m,J ® EIS42,„j^,m,J) ; 

• H^''(Sk:CZ^^11 ® ^tTJ = , ® (EIS^(2,,, j«,m,J £18^2,,, j^, m, J) 

® (EISij(2fe^, jij, m,-^) EISl(2^^, ji, rn^-J) 

where EISl(2^^, ji, m^^) corresponds to the (truncated) Fourier development of a cusp form 
of weight k — 2 . 

4.2.6 Reducible cusp biforms 

• Let Lj-^(G(2n=2ni+-+2n.)(^T ^ ^T^^ denote the bialgebra of cusp biforms on the 
partially reducible pseudo-ramified toroidal bilinear semigroup (7(2"=2ni+ - +2ns)^^r ^ 
Fl) . 
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Referring to section 3.4.10, a partially reducible cusp biform on this "diagonal" bial- 
gebra is given by: 

,(2n=2niH \-2ns) ( \ ,(2n=2niH \-2n 



(zn=Ani-\ t-^Us)/ \ ,(zn=^ni-[ t-^Us / \ 



ne=ni j=l rrij or jl ■'^ 



Similarly, let Ljygp(G'^^"~^i+'"+^"'^(Fj x Fj)) denote the bialgebra of orthogonally 
completely reducible cusp biforms on Q{'^n=2i+--+2„) ^pT ^ gjygj-^ 



,(2n=2i+-+2„)/ X ,(2n=2i+-+2„)/ x 



£r=£l 

And, let Ljygp(G'*^^"^^^"^''(FjJ x F^)) be the bialgebra of nonorthogonally completely 
reducible cusp biforms on G(2«flx2«i)(^^_J x Fj) given diagonally by: 

(2n«=2i^+...+2„^), , (2ni=2i^+...+2„^), . 

= © {(t)^'^ ®D(t>%) © {(I\^ ®D(P^) 

= © (EISr(2^^, jR,mj^) EISl(2£^, jL,mj-^)) 

(■R—f-L 



© (EISi?(2fc^, jR,mj^) ®p) EISl(2£^, jL,mj-^)) 
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.7 Proposition 

• Let 

T-) / /(2n=2niH \-2ns) „ i{2n=2ni-\ \-2ns)\ 

^ /'^(2n=2i+-+2„) ,(2n=2i+-+2„)v 

riQ(2n=2j^+-+2n)(^pT^pT^[(PQT Q9(PqT ), 

&e the integral operators on the respective cusp biforms introduced in sections 4- 2- 6 
and 3.4.10. 

• Then, the trace formulas of these integral operators are respectively given by: 

, /p l:{2n=2ni+-+2ns) ^ A2n=2ni+-+2ns)\ 

lr[rCQ(2n=2n^+-+2ns)(^pT^pT-^{(PQT 'A'<PqT ) 

= vol(G("i+-+2-=)(FjxFj))®(EIS«(2n,,j^,m,J,EIS^(2n,,j^,m,J) 

ng, j ruj 

where (EISi{(2n£, j/j, mj^), EISL(2n^, j/,, m^^)) is a diagonal bilinear form from 
Redcusp(GL(2„=2ni+-+2n3)(^J X ^J)) toC . 

WCR , /'^(2n=2i+-+2„) ,(2n=2i+-+2„)x 

^^\i^G^2n=2-^+-+2„)l^pTy.pT-^\(pQT^ 09 (p^T ) 

= vol(G'(2"=2^+-+2")(Fi: X Fj)) © (EIS«(2,„i^,m,,),EIS^(2,„j^,m,,)) 

= vol(G'(2"=^^+-+2")(FlxFj)) © ©®A(2,,j,m,) 
and finally 
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tr(it:, 



(EISr (2^^ , jR, rrij^), EISl (2^^ , jl , m^^ ) ) 



+ © (EISR(2fe^, ji?,mj-^),EISi:(2^^,ji,mj-^)) 



+ © ©© © © A5(2fc^,jR,m,-^) • A2(2^^,jL,m,-^; 



Proof: 



1. The proof is clear from the preceding developments and, especially from proposition 
3.4.10. 



2. These trace formulas are complete in the sense that they refer to a decomposition 
of these traces according to the direct sums of the irreducible representations of the 
bilinear algebraic semigroups, as in the classical case for the linear groups. ■ 



4.2.8 Proposition: Langlands global reducible correspondences 
• Let 

J^g(J J^gp |^2?i=2niH \-2ns . y^2n=2ni-\ V2ns ^ -y^2n=2ni+-+2ns 

> GL„=ji-^_l |-ns(-^uJ® ^ -^ti'ffi) ' 

Red Rep W^2n=2i+...+2„ . ^2n=2i+...+2„ ^ ^^2n=2i+...+2„ 

> GL2n=2i+-+2n(-^a;® X F^^) , 

Red Rep ly'"^ ^ : x W^'"^ 

> GL2nflX2rii X -^a;e) 



he respectively the partially reducible, orthogonal completely reducible and nonorthog- 
onal completely reducible representations of the bilinear global Weil groups 

y^2n=2ni-\ \-2ns ^ y^2n=2ni-\ ]-2ns y^2n=2i-i ]-2„ ^ y^2n=2i-\ h2n 
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and W'y X . 

• Let 

Red cusp (GL„=„,+...+„^(FJ x FJ)) 

= ©(EISR(2n^, jij,mj^) ® ElSL{2ni,jL,mjJ) , 

Redcusp(GL2„=2i+...+2„(i^J x FJ) 

= © (EISr(2^^, Jr, rrij^) ® EISi(2^^, j^, m,-J) , 

Redcusp(GL2„^x2ni(^J x FJ) 

© {ElSR{2k^,jR,mj^) ® ElSL{2e^,jL,mjJ) , 

kR^iL 

be respectively the sums of the products, right by left, of the equivalence classes of 
the partially reducible, orthogonal completely reducible and nonorthogonal completely 
reducible cuspidal representations of the corresponding reducible bilinear semigroups. 

• Let 

and CY^"«(Xr) X CY^"^(Xl) , 

be respectively the sums of the products, right by left, of the equivalence classes of 
the partially reducible, orthogonal completely reducible and nonorthogonal completely 
reducible 2n- dimensional toroidal compactified cycles. 

• Then, we have the following Langlands global reducible correspondences; 

RedRepiJ;;^^Jiy^^=^"^+-+^"» xiy^:;=^'^^+-+2"') ^ Redcusp(GL„=„,+...+„,(FjxFj)) 

\ / 
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RedRepig;^^jW^^^=2^+-+^" xiy^:;=^^+-+^") ^ Red cusp (GL2n=2.+...+2„ (Fj x Fj)) 

\ / 



RedRcpi^;^ X 1^;:;-) ^ Redcusp(GL2„,x2nJi^J xFj)) 



Proof: this proposition is an adaptation of proposition 3.4.14 to the reducible case by 
noticing that: 

• CY^"=2"i+-+2"=(Xr) X CY^"=2"i+-+2"^(Xi) = G2"=2«i+-+2"=)(F4 X F^J = 
®(EISR(2n^, jj^, mj^) ® EISi((2n^, j^, mj^)) according to proposition 4.1.7. 

• RedRepJJ;!^^ JW^|!='"^+-+''^^ X |y2n=2ni+...+2n.^) ^ g(„=„,+...+„,) ^ ^^^^ 

morphic to its toroidal equivalent G2n=2r!.i+-+2ns) (-^t xFJ^) = ©(EISR(2n£, jr, m^^) x 



ElSL{2ne,jL,mjJ) 



4.2.9 Definition 

The real boundaries of the reducible compactified bisemispaces 

^2n=2niH \-2ns ^2n=2i+--+2„ ^2nflX2ni , ^ . , . 

A ^ , A ^ and A ^ result irom the sur ective morphisms: 

SflxL SfixL *J{Xi 

5(2n) . ^2n=2ni+-+2n3 



^^Lr^'"""'" = GL.=„,+...+„,(F+'^ X F+'^)/GU=.,+...+„,((Z/iV Z)2) , 



(5(2n) ^2n=2i+-+2„ 



^ ^^'ir'"^'" = GW2,+...+2„(F+'^ X F+'^)/gW2,h-...+2„((Z/7V Z)^) , 



<5(2nijx2nL) ^2nflX2ni 

- ^^J^r" - GL2n,.2nAFp^ X F+'^) / GL,„,x,„ J(Z /TV Z)^) , 



as developed in section 3.5.1. 
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4.2.10 Definition: the reducible Shimura bisemivarieties 

The double coset decompositions of the reducible bihnear general semigroups over {Fp^ x 
F^' ) are given by: 



^^^"=ilH hns 

^n=ni-\ [-ns 



/GLn=„,+...+nM/NZf), 



p,-qP2n=2j^-\ |-2n 



/GL2„=2,+...+2„((Z/7VZ)2), 



^2n^ X 2n^ 



- -P2ni{X2ni(-P'^''^ X Ft'"^) \ GL2n«x2ni (-^R '"^ X FjJ"''^' 

they correspond to reducible Shimura bisemivarieties according to definition 3.5.2. 
4.2.11 Proposition 

The following Eisenstein cohomologies develop according to: 

\ -f\ri — m H \-ns -'-fr?^ ^^t^ ' .. ^ -f^-n ' Ivj^^ J-v 



®® © (CY^^(aX^[;5,m,,]) X CY^^(aXi[;5, m,,])) 

3d iri'jg 



H^n^QgP^n=2l+...+2 ^2n ^^2n )^ ^ H^^ (03^" M^''' ® mI'^ ) 



~ e e © (CY> {OXrIjs, m,,]) x CY^'^ (aXib^, m,,])) 



(CY^^«(aX«[75,m,J) x CY^^^(aX^b5,^..])) 



eR=eL 35 rrijg 



© {CY^'^^idXnljlm.s]) x CY^^-(9Xi[7l, m,.])) 
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they are equal to the sums of products, right by left, of the equivalence classes, counted with 
their multiplicities, of the irreducible cycles. 

Proof: these decompositions of cohomologies are the real equivalents of those considered 
in proposition 4.2.4. ■ 



4.2.12 Proposition 

a) If Xn, ^ E^Xn,{(3) |e>| e M'^^ , 

then, every left (resp. right) n^- dimensional real semitorus has the analytic develop- 
ment: 

(resp. n'Ulm^sJ ^ \^{n,,jlm^s) e'^*"^ ). 

b) On the other hand, let 

ELLIPL(2n,,jl,m,.) = S E A^K ji,m,..) e^-^l^"^ 

{resp. ELLIPK(2n^,j^,m,.0= S S A^K, j^, m.^ ) e'^-^^-O ), ^ < 00 , 

be the (truncated) Fourier development of a left (resp. right) ui- dimensional solvable 
global elliptic semimodule where 

c=l 

• e^'^*^"^ — > e^'^'^^"^ (resp. e"^'^'^"^ — > 6"^"^'^^"^ ) is a left (resp. right) global 
Frobenius substitution. 

Then, we have the following analytic developments of the Eisenstein bilinear coho- 
mologies of the equivalents of the reducible Shimura bisemivarieties: 



2ne, 



;ELLIP,^(2n,, ji, m^s) ® ELLIPi(2n,, jl m^s)) 



:ELLIP^(2,^, jim,.^) ® ELLIP42,,, ji,m,|)) 
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^ "■2nf,x2nr/' ^Vf,„ ^vj,^' 

^3r> """" l.X'-K.LIJLI ■■"31 



Proof: referring to proposition 3.5.4 and 3.5.5, each equivalence class representative 
CYVj^^dX R[js,mjg]) (resp. CY^'^((9Xi[j5, mj^]) ) of a semicycle of codimension corre- 
sponds to the analytic representation of a n^-dimensional real semitorus rrij^] (resp. 

4.2.13 Remark 

Trace formulas for the real reducible cases considered here can be developed similarly as 
it was done for the complex cases in sections 4.2.6 and 4.2.7. 

4.2.14 Proposition: Langlands global correspondences on the equivalents of 
the reducible Shimura bisemivarieties 

• Let 

RedRepI;^^ (^n=ni+...+n. ^ ^„=ni+...+n,^) 

\ -f^n=niH hns ' "H® ^^ffi 

= FRepsp(GL„=,,+...+,,(F+/ x , 

Red RepS^) (^2n=2i+...+2„ ^ ^2n=2i+...+2„) 

. i/2n.^;^j2«=2i+...+2 -^n* J^^2n* N 

V K2„=2i+.-+2„' T„^g^ ^"^e 

= FRepsp(GL2„=2,+...+2„(F+/ x F+/)) , 
RedRepi^)^ (W^rxW^^^) 

= FRepsp(GL2„«x2njFi'^ x F+/)) , 



be respectively the sums of the products, right by left, of the equivalence classes 
of the partially reducible, orthogonal completely reducible and nonorthogonal com- 
pletely reducible representations of the bilinear global Weil groups (^^^=™i+ - +'^'' x 

^n=ni+-+n.-j /^2n=2i+...+2„ ^ ^2n=2i+...+2„ x /p^2nKX2ni ^ ^2nflX2niX _ 

-Pi) / ' V p p / \ p p 
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• Let 



RedELLIP(GW=„,+...+„,(F+'^ x 

= © 



(ELLIPi^(2n,,ji,m,..) ® ELLIPi(n^,jl,m,|)) , 



RedELLIP(GL2„=2,+...+2„(i^^+'^ x 

= © (ELLIPR(2,^,j^,m,-^)®ELLIPi(2,,,ji,m^|)), 

RedELLIP(GL2n«x2nJi^^'^ X ry) 

= © (ELLIP«(2,^,ji,m,..) «)ELLIPi(2,,, ji,m,|)) 

© (ELLIPfi(2fc^, jim^.. ) ® ELLIPz,(2,,, jl,m^|)) , 

&e respectively the sums of the products, right by left, of the equivalence classes of 
the partially reducible, orthogonal completely reducible and nonorthogonal completely 
reducible global elliptic representations of the corresponding reducible bilinear semi- 
groups. 

• Let finally 

and CY^«(aXii) X CY^^(aXi) , 

be respectively the sums of the products, right by left, of the equivalence classes of 
the partially reducible, orthogonal completely reducible and nonorthogonal completely 
reducible n-dimensional toroidal compactified cycles over dXji and dX^ ■ 

• Then, we have the following Langlands global reducible correspondences on 

the equivalents of the reducible Shimura bisemivarieties: 



RedRepi;;) x iy"r^+-+"0 ^ RedELLIP(GL„=„,+...+„,(F+'^ x 



cY^='*i+-+"^(aXR) X cYj="i+-+'^^(aXL) 
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RedRep^)^ (^.2n=2,+...+2„ ^ ^2n=2,+...+2„^ ^ Red ELLIP(GL2„=2i+...+2„ X F+'^)) 

\ / 

RedRep^)^ x ^ RedELLIP(GL2„,x2n,(i^^+'^ x 

\ / 

Proof: this is an adaptation to the real case of proposition 4.2.8 (see also proposition 
3.4.10). ■ 
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Appendix 



1 Philosophy of bisemiobjects 

Instead of working with classical mathematical objects, the developments of this paper deal 
with the products of semiobjects. In this respect, a mathematical symmetric object " O " 
will be cut into two semiobjects, labeled left and right, in such a way that the left semiobject 
O^he localized in (or refers to) the upper half space while the right symmetric semiobject 
Or is localized in (or refers to) the lower half space. Then, informations concerning the 
internal mathematical structure of our object " O " can be more advantageously extracted 
from the product Or x O/, of the two semiobjects Or and Ol . Indeed, the endomorphism 
of our object " O " can be decomposed into the product Er x El of the endomorphisms 
El : Ol Ol acting on the semiobject Ol by the opposite endomorphism Er : Or — > Or 
acting on Or such that Er = E^^ . By this way, the action of El is neutralized by the 
coaction of Er . 

A classical analogue of this endormophism Er x El on Or x Ol is, for example, the normal 
endomorphism Ej^ of a. group G given by: 

a EN{b) — E^ia b a~^) for a, 6 e G . 

(In the philosophy of bisemiobjects, the element b would have to be decomposed into the 
product bR X 6l of two semielements bR and 6l , if mathematically feasible.) 

2 Semistructures 

So, semistructures will be recalled or introduced in the following. The notation L, R means 
"left" or "right". 

• We are concerned with a semigroup Gl,r , called left of right, which is a nonempty 
set of left (resp. right) elements, localized or referring to the upper (resp. lower) half 
space, together with a binary operation on Gl,r , i.e. a function Gl,rxGl,r — >■ Gl,r , 
or Gl,r X Gl,l Gl,r ■ 

• A left (resp. right) monoid is a left (resp. right) semigroup Gl,r which contains an 
identity element eL,R € Gl,r such that: 

cl- aL = ttL (resp. ur- eR = ur), V aL,R G Gl,r ■ 

• A left (resp. right) semiring is a nonempty set Rl,r together with two binary 
operations (addition and multiplication) such that: 
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a) {Rl,r, +) is an abelian left (resp. right) semigroup; 

b) {aL,R bL,R) cl,r = aL,R {hL,R cl,r) V aL,R, bL,R, cl,r e Rl,r (associative multi- 
plication) ; 

c) aL,R {bL,R + cl,r) = aL,R hL,R + aL,R cl,r and {aL,R + &l,r) cl,r = aL,R cl,r + 
bL,R cl,r (left and right distribution). 

• If Rl,r is a commutative semiring with identity 1.r^ ^ and no zero divisors, it will be 
called a left (resp. right) integral semidomain. 

Furthermore, if every element of Rl,r is a unit (i.e. left and right invertible), Rl,r 
is a division semiring. 

And, a left (resp. right) semifield is a commutative division semiring. 

• A left (resp. right) adele semiring is the product of the completions of the left 
(resp. right) considered semifield. 

• Let Rl,r be a left (resp. right) semiring. A left (resp. right) i?i,jj-semimodule 
is an additive abelian left (resp. right) semigroup M^, together with a function 
Rl,r xMl^Ml (resp. Mr x Rr^l ^ Mr ) such that: 



a) 



tl {a-L + hi) ^ tl ttL + TL bL , y tl^ Rl , aL, h e Ml 



(resp. {qr + 6ij) tr ^aRrR + bR tr) , ^ tr e Rr , aR,bR e Mr ); 



b) 



{tl + sl) ttL ^ tl aL + sl ttL , V sl e Rl 



(resp. aR{rR + SR)^aRrR + aRSR, V e i^^ ); 



c) tl {sl ai) = {r-L sl) ai 

(resp. {aR sr) tr = ur {sr tr) ). 

If Rl,r has an identity element 1l,r such that 1l • aL — ai (resp. qr ■ 1r — qr ), 
Ml,r is a left (resp. right) unitary it!i:_ij-semimodule. 

If Rl,r is a left (resp. right) division semiring, then the unitary left (resp. right) 
unitary i^^^^R-semimodule, is a left (resp. right) vector semispace. 
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• If Rl,r is a commutative semiring with identity, a i2£,,it-semialgebra Al^r is a 

semiring Al,r such that: 

a) (>lL,i?, +) is a unitary left (resp. right) it!L,i?-semimodule; 

b) tl (aL hL} = {tl (il) hL = ol (r^ 6^) , y tl e Rl , aL, bL e Al 

(resp. (oij r^? = {bn ru) = bu {qr tr) , ^ tr e Rr , aR,bR e Ar ). 
If Al,r is a division semiring, then Al,r is called a division semialgebra. 

3 Bisemistructures [Pie5] 

Before recalling the salient features of the algebraic bilinear semigroups, it is useful to give 
a precise definition of a Rr — i^^-bisemimodule Mr_l and of a Rr x i^^-bisemimodule 
Mr Ml. 

• Let Rl (resp. 7?/? ) be a left (resp. right) semiring. 

Then, a -R^ ~ -Ri-bisemimodule is an abelian (semi)group Mr_l (under the addi- 
tion) with the structure of both a left i?L-semimodule Ml and a right i?i^-scmimodule 
Mr and together with a bifunction Rl,r x Ml-r x i?ij,L — >^ Mr_l such that: 

a) Ml-r = Mr^l ^Mr®Ml . 

b) (rz, tti) (tti? Tij) = ri {aL an tr) = [tl aL an) tr , y ul e Ml , ur E Mr , 
tl e tl , tr e Rr . 

c) the conditions, mentioned above for a left (resp. right) i^^^i^-semimodule, are 
applied on the left and on the right of Ml-r ■ 

• A Rft X ilx,-bisemimodule Mr is a bilinear semigroup given by the map : 
/ : Mr X Ml — > Mr Ml , where / sends pairs {aR^,aLi) £ Mr x Ml of symmetric 
elements to their products {qr^ x olJ such that: 

a) /(ctRi + ctiJa, flLi) = f{aRi,aLi) + f{aR^, aL,) ; 

b) f{aR,,aLi + ttL^) = f{aR,,aL,) + f{aL,,aL2) ; 

c) /(or Tr, Tl aL) 7^ /(r^ aR, aL r^) , V or, e Mr , i = 1, 2 , cl, e Ml . 
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Taking into account the section 1 of the appendix and the introduction, we have to 
specify the product Xr X Xl of a right afRne semigroup scheme Xn by its 
left symmetric equivalent X^ as occurring from: 

{Xr o (f)'-') X {Xl o (Fr X Fl) = {{vr X vl) \vReVR,VLe Vl} 

where {vr x vl) is a bipoint of an affine bisemispace {Vr <S) Vl) resulting from the 
bihomomorphism 

XrxXl: QrX Ql ^ Vr ® Vl 

which sends the product of the quotient /c-algebras Qr and Ql into (Vr (8) Vl) ■ 

It was seen in chapter 2 that GLn{Fzj x F^) is an algebraic bilinear semigroup 
of matrices in the sense that its algebraic representation space is an GL„(Fj^ x F,^)- 
bisemimodule Mr Ml defined as follows: 

Let Ml (resp. Mr ) be an n-dimensional Tn{F^)- (resp. T^{F^) )-semimodule. Then, 
the canonical bilinear map Mr x Ml Mr0Ml defines the bisemimodule Mr® Ml , 
provided that Mr ® Ml is the bilinear tensor product of a left T„(F(^)-semimodule 
by a right T^(F(j)-semimodule. 

The complete algebraic bilineeir semigroup G'(")(Fjj x F^S) is generated by the 
bilinear algebraic semigroup of matrices GLn{F^ x Fj) = x Tn{Fj) where 

Tn{F(S) (resp. T^{Fij) ) is the group of upper (resp. lower) triangular matrices. 

The complete algebraic bilinear semigroup G^^^F^x F^) can be viewed as a bilinear 
Lie semigroup defined as follows: 

1. G("'^(F(ij X -F„) is a topological bilineeir semigroup, that is to say that: 

(a) it is a bilineair semigroup Grxl '■ 
a) given by a function: 

Gr X Gl GrxL 

i9ri,gLi) > {Qn X 9Li) 

sending pairs {gri,gLi) of symmetric elements, localized in (or referring 
to) the upper and lower half spaces, to their products (g^^j x QlJ , i G N . 
/?) submitted to a binary operation >£ 

GrxL><GrxL > GrxL 
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defined by 

in such a way that cross products (gf^i x QLj) could be generated, 
(b) G^") (Fjj X FJ) is a topological bisemispace, product of a right topo- 
logical semispace, restricted to the lower half space by its left symmetric 
equivalent. 

2. G^'^^{F^ X is an abstract bisemivairiety, i.e. the product of a left 
semivariety restricted to the upper half space by the symmetric right semivariety 
restricted to the lower half space. 

• Let P(")(F^i X F^i) = P(")(Fj^i) x P(")(F^i) be a biUncar subgroup of G^''\F^ x F^) 
such that F^^i (resp. F-^^i ) denotes the set of left (rcsp. right) irreducible completions 
(see section 2.4.1). 

Let aR^LM,L^G^^\F^^F^) . 

an is right congruent to bn modulo P(")(Fj^i) , denoted = 6ijmod(P(")(Fj^i) if 
an bn' e P^-\F^^) . 

ai is left congruent to bi modulo P^'^\Fi^i) , denoted = 6l mod(P(")(Pt^i) if 
aL bt e P(")(Pc.i) ■ 

Then, P(")(P^i x P^i) is a bilinear normal subgroup of G^''\F^ x F^) if left 
congruence modulo P^"^(Pt^i) correspond to right congruence modulo P^")(^c^i) ■ 

• The endomorphism of an algebraic bilinear semigroup G^^\Fu x F^^) is a homo- 
morphism 

Er^l : ^("Hf^ X F^) > G^^\% X F,) 

which can be decomposed into: 

Er: G(")(P^) . G(")(P^), 

El : G^^\K) > G^^\h) , 

for G^'^^F^ X F^) = G'(")(Fj^) x G^^'^K) such that: 

1. ER{aR bn) - ERiuR) ■ ER{bR) for all bn e G'(")(F^) ; 

2. EL{aL 6l) = Fi(ai) • ^^(6^) for all e GW(F^) ; 

3. ERy^L{aR bR ql bL) = ERy,L{aR ■ a^) • ERy^L{bR • bL) ■ 
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If = E^^ , then Eji{aji bji) = E^^{aj^^ bj^^) where aj^^,bj^^ denote the opposites 
with respect to the addition or the complex conjugates of gl, bL ■ 

So, 

ERxLidR bn ai ol) = -E^^ x Eii^a^^ b^^ ai bi) 
or En^Libn gr gl bL) = E^^ x Eiib^^ a^^ gl 6l) • 
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